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POSSIBLE FACTORS INFLUENCING ON NUMBER

OF CLEAN, OBSERVATIONAL NIGHTS IN THE

SHAO

V. M. Khalilov a*, P. N. Shustarev a

a Shamakhy Astrophysical Observatory named after N. Tusi,

Azerbaijan National Academy of Sciences, Shamakhy region, Azerbaijan

Possibility of the impact of the activity of the Sun and the phases of the

moon (distance from the Earth) on the number of observational nights at the

Shamakhy Astrophysical Observatory of the Azerbaijan National Academy of

Sciences is studied in this paper.

Keywords: Solar activity � Phases of the moon � Climate in the observatory

1. INTRODUCTION

At present, there is no doubt for astronomers and geophysicists about existence

of solar-terrestrial relations. Depending on the state of the solar activity and on

the position of the Earth relative to the Sun, their e�ect may be various. In�uence

of solar activity on the technical systems, as radio communications, pipelines and

power lines, electronic equipment of aircraft and satellites on climate, humans and

other biological objects was manifested with the development of technology. This

work is a continuation of a series of works voted to the research of astroclimate in

the Shamakhy Astrophysical Observatory of the Azerbaijan National Academy of

Sciences. We will not talk about the importance and necessity of such works for

any observatories because it was discussed much in previous works of series (see

[1], [2], [3]). We will not talk about image degradation and reducing of penetrat-

ing ability of telescopes due to extra illumination from di�erent kinds of objects,

surrounding observatory (restaurants, hotels, etc.). It was described in detail in

[3]. Analyses of clear observational nights and search their possible relation with

active processes occurring on the Sun is the aim of this work. Figures which were

presented in our works [1], [2] show how the average monthly number of clear

*
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observational nights varies depending on the month of the year for time intervals

(1968-1987 and 1997-2002). The analogue curve built up for the interval 2004-

2018 and all three curves summarized in one graph Fig. 1. We used data taken

from observational journals of the two-meter telescope of ShAO, to determine the

number of clear, observational nights, kindly presented to us by I. Alekperov and

data collected on the initiative by one of the authors of this work - V. Khalilov.

Climate data collection work in the observatory was started for several reasons

(failure of electricity supply to the observatory, stoppage of works on the two-

meter telescope, modernization of the telescope, etc.), which were not taken into

account in observation journals of the two-meter telescope of ShAO. Data taken

from the observatory's climate observation journal covers the period from 1997

to 2019. Daily data on day and night weather conditions, temperature, pressure

and precipitation have been collected in this journal. Data control had carried

out by comparing the number of clear nights from the observational journal of the

climate and the observational journal of the two-meter telescope of ShAO. This

made it possible to have a continuous series of data over quite a period (more

than 20 years). Data from 1997 to 2002 have been processed previously [2].

Fig. 1. The relative number of observational nights at di�erent time intervals on

average of months.

As can be seen from this �gure, the run of all three curves is approximately

the same, except for the summer months of 1997-2002. Possibly this is due to

anomalous change of climate during that period.

Unfortunately, meteorological observations are not carried out on the territory

of ShAO, and it is incorrect to take data from other weather stations due to the
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di�erence in altitude and relief.

The relation between the Wolf numbers and the number of clear, observational

nights was investigated in the same work [2].

However, then this could not be done due to the small number of continu-

ous data (on observational nights). The two-meter telescope has been operating

in a continuous, regular mode, over last 15 years and we decided to repeat this

attempt because curve that built up from values of Wolf numbers shows that

period 2004-2018 practically coincides with last period of solar activity and have

a rather complex shape, we decided to highlight fundamental harmonic on this

curve and analyze its coincidence with the number of observational nights in the

investigated period. Results of the analysis shown in Table 1.

Table 1. The results of the spectral analysis of the curve of solar activity for 2004-

2018.

Frequency Period Cosine Sine Periodogram Density

Coe� Coe�

0.357143 2.80000 16.32654 -5.4478 2073.637 1391.214

0.285714 3.50000 1.41147 -12.250 1064.541 1029.025

0.428571 2.33333 -3.54959 -9.9124 775.984 1033.357

0.500000 2.00000 8.47857 0.0000 503.203 746.896

0.071429 14.00000 1.43984 -4.0523 129.459 71.752

0.214286 4.66667 1.66933 3.5310 106.781 385.907

0.142857 7.00000 -0.14044 -1.3088 12.129 100.769

0.000000 1.24048 0.0000 10.771 68.093

According to data on the number of observational nights and Wolf numbers,

curves built up in relative units, (all values are divided by the maximum value),

and then the curves are shifted parallel to the ordinate axis, if necessary. That

is done for the best perception of the �gure since we are interested in the shape

of curves, but the value of the correlation coe�cient does not change with such a

shift (see Fig. 2). Besides, the numerical values by the ordinate axis relate only

to the number of observation nights.

The curve of annual average values of the number of observation nights in

2004-2018 (upper curve) and Fourier curve with a period of 2.8 years (medium

curve) showed in Fig. 2. The coincidence of the curves is quite low (correlation

coe�cient is 0.16). In the same �gure, the curve is drawn from values of Wolf

numbers for the same period (lower curve). The coincidence here is lightly better

(correlation coe�cient is 0.23), but to talk about the existence of any relation be-
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Fig. 2. Annual average values of the number of observation nights (upper curve);

annual average values of Wolf numbers (lower curve); Fourier curve of a period of 2.8

years.

tween solar activity and the number of observation nights is not necessary. That

result could explain for many reasons. For example, the comparatively short ob-

servation period (15 years), low solar activity in the studied cycle over the last

120 years, etc. In this paper, we analysed other solar parameters, characteriz-

ing solar activity. Convergence with the number of observational nights here is

worse. Radio stream is F2800, correlation coe�cient is 0.13, the neutron �ux

- correlation coe�cient is 0.16, geomagnetic index Ap - correlation coe�cient is

0.07, geomagnetic index Dst - correlation coe�cient is 0.06. All data on the Sun

and the geomagnetic index had taken from site NOAA (National Centres for En-

vironmental Information) [4]. Possibility of the impact of the phase of the moon

on the number of observation nights had investigated in continuation of this is-

sue. To this aim, we recalculated observational nights, in analyzed by us period

2004�2018, from solar days to lunar days (the analogous data have taken from

the site [5]) and then summed the number of observational nights in each lunar

day. The obtained graph is shown in Fig. 3.

As can be seen from the �gure, the number of observation nights increases

from 13-14 lunar days (i.e., from the full moon) to phase of the new moon.

Besides, this e�ect cannot be associated with the selection; because photo-

metric and polarimetric observations are not carried out on two-meter telescope

for a long time when the moon phase plays a big role, (usually such observations

are not carried out in full moon). Statistical signi�cance of this e�ect is small,
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Fig. 3. The average number of observational nights depending on the phase of the

moon.

the e�ect itself is quite interesting, and therefore, in this case, it would be useful

to continue this work in the future. What is the cause of this e�ect? Maybe,

Moon in the Earth atmosphere creates a tidal wave, as in the oceans. It is closer

to the atmosphere, and the gases of the atmosphere are not water, at least in

density. Reviewing the above, we conclude that works in this direction should be

continued by using new data for one more period of solar activity at least.
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ABOUT SOME FEATURES OF SAFERT GALAXIES

OF VARIOUS SPECTRAL TYPES AND FLASHES OF

TOP SUPERNOVA STARS IN THEM

N. A. Huseynov, I. R. Salmanov, P. N. Shustarev *

Shamakhy Astrophysical Observatory named after N.Tusi,

Azerbaijan National Academy of Sciences, Shamakhy region, Azerbaijan

Several regularities of variability of the physical parameters dealing with Seyfert

galaxies and with the �ares of Supernova stars in them are considered in the

present article. The review of the works dealing with the variability of the

spectral types of the Seyfert galaxies is given in the introduction.

Keywords: Seyfert galaxies � Nuclei of the active galaxies � Black hole �

Supernova stars

1. INTRODUCTION

Studies of active galactic nuclei that change the spectral type as a result of

signi�cant changes in luminosity are undoubtedly relevant, since they give us

very important information for understanding the geometry, physical nature and

evolution of active nuclei.

Seyfert galaxies (SG), as a separate class of galaxies, were �rst identi�ed by

the American astronomer Seyfert C. in 1943 [1]. He found in the spectra of 12

galaxies wide lines of hydrogen, helium and ionized iron. The half-width of these

lines, in accordance with the Doppler e�ect, corresponded to speeds of up to sev-

eral thousand km s−1. Thousands of such objects are now known, and in some

of them the emission spectral lines have widths corresponding to speeds of about

30,000 km / s (0.1 the speed of light!). SGs belong to giant spiral galaxies. Among

them, the proportion of crossed spirals is especially high (about 70%). Seyfert

showed the unusual structure and emission spectra of these galaxies. As is known,

SGs are divided into two types according to the width of spectral lines. SGs with

wide lines denote Sy1, and with narrow lines, Sy 2. If the ratio of the equiva-

* E-mail: nazimqaramamedli@mail.ru
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lent widths of the spectral lines Hβ / [OIII] is 1, then this galaxy belongs to the

�rst spectral type, if this ratio is 0.1, then this is the SG of the second type. In

addition, these galaxies are distinguished by the color indices (B-V) and (U-B).

Cases of the transition of an object from one spectral type to another are a

de�nite problem for this model. When, in 1984, changes in the spectral type were

discovered in the active core of the galaxy, known as the �rst type of superlattice

(NGC 4151), then only a few such cases were known [2]. Now there are several

dozen active galactic nuclei that have changed their spectral type. In a recent

study, a group of astronomers focused on one of the clearest examples of such

objects - NGC 2617 [3]. In 2013, a team of researchers in the United States dis-

covered [4] that NGC 2617 had changed its spectral type, and the internal areas

that were hidden from us were now visible. It is not known how long this object

will remain in this new state.

Despite some successes in the uni�cation model, there are still some problems

that cannot be explained solely by the dimming associated with di�erent orien-

tations with respect to the observer. In many Type II YAGs, a hidden region of

wide emission lines is not observed even with very deep observations in polarized

light. In addition, the X-ray spectra of many type II YAGs do not show large

column densities of the absorbing gas, as one would expect if these YAGs were

surrounded by a radiation absorbing torus. Because of these problems and oth-

ers [5], other physical models were proposed to explain the di�erences between

the observed types of YAG. In particular, it was suggested that the di�erence in

the types of YAG is associated with di�erent rates of accretion. Trump et. al

found a signi�cant di�erence between the accretion rates of YAGs of type I (L /

L Edd> 0.01) and type II (L / LEdd <0.01, where L is the internal bolometric

luminosity of the nucleus, LEdd is the Eddington luminosity), which implies that

the accretion rates, and not only geometric orientation should play a large role in

the characteristics of emission lines observed in YAG spectra.

Changes in the spectral type observed in dozens of YAGs in a relatively short

time also pose a certain problem for the uni�cation model, since it must be mod-

i�ed in such a way that these fairly frequent changes in the YAG type �nd a

natural explanation in it, or a new model must be created to interpret various

types of YAG. For this, �rst of all, an understanding of the physics of changes in

the types of YAG is necessary. YAGs that change their type have been intensively

studied in recent years and have received a special name in English - Changing

Look AGN (CL AGN). In Russian, there is no universally accepted designation

of such objects, so below we will use the English abbreviation. CL AGNs are

objects in which dramatic changes in the emission line pro�les occurred, in which

type changes were observed from one spectral class to another over a very short

time interval (from several days to several years). Currently, several dozen CL

10
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Fig. 1. Seyfert Galaxy NGC 1218, S0 / a, Sy 1

Fig. 2. Seyfert Galaxy NGC 4303, SBa (rs) bc? Sy 1.5

Fig. 3. Seyfert Galaxy NGC 6221, SB (s) c, Sy2

AGNs are known, although this small amount is comparable to the number of

intensively studied AGN spectral variability. Accordingly, it can be assumed that

each strongly variable AGN can be assigned to CL AGN if it is observed for a suf-

�ciently long time [3]. This assumption is con�rmed by recent studies by Runco

et al., [6], which showed that about 38% of 102 SGs changed their type, and about

3% of these objects disappeared broad Hβ lines on a timeline of 3�9 years. Also
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MacLeod et al. [7] estimated that > 15% of strongly variable quasars have cases

of changing spectral type over a period of about 10 years.

2. SOME OBSERVATIONAL FACTS BY HAGA AND THEIR ANALYSIS

As we already noted, the number of SGs is small and makes up only a few

percent of the total number of galaxies. In addition, they are often located quite

far from us. All this makes any statistical analysis of observational data quite

di�cult. In the present work, we selected two data sources [8] and [9], which

give the most complete values of the spectral types of the considered SG. The re-

sults obtained for the absolute and relative values of the amount of SG of various

spectral types are summarized in Table1

Table 1. Absolute and relative number of Seyfert galaxies according to data from [8]

and [9].

N[1] Sp nOTH N[2] nOTH

6024 Sy 2 0.267246 4258 0.283055

1597 Sy 1n 0.070849

11 Sy 1i 0.000488

44 Sy 1h 0.001952

189 Sy 1.9 0.008385 88 0.00585

142 Sy 1.8 0.0063 84 0.005584

361 Sy 1.5 0.016015 285 0.018946

100 Sy 1.2 0.004436 274 0.018214

98 Sy 1.0 0.004348

13975 Sy 1 0.619981 10054 0.6608351

From Table 1 it can be seen that if the numerical values of the quantities do

not really coincide, then their general course repeats each other well. And this,

in turn, most likely suggests that the spectral type hyperglyms Sy 1 and Sy 2

have been in a stable state for a long time, while the intermediate spectral types

hyperglyphics are unstable and exist in these states for a relatively short time. A

change in the spectral type in some SGs was probably �rst mentioned in [2], as

well as in a large number of subsequent works by other authors. Hidden active

galactic nuclei become visible when clouds of dust covering them burn through

powerful radiation from the vicinity of supermassive black holes.

12
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Figures 1-3 show direct images of some SG spectral classes Sy 1, Sy 1.5 and

Sy 2 from the catalog [8]. It is clearly seen that with a change in the spectral type

from Sy 1 to Sy 2, the morphological type of SG changes from Sa to SB. But is

this pattern global? Unfortunately, it is neither possible to prove this nor refute

it today. And the spectral classi�cation and determination of the morphological

type of the same SG by di�erent authors are very di�erent (see, for example, the

review [9]).

Next, we determined the location of supernova explosions in the SG. There

was nothing new compared to ordinary galaxies here - supernova explosions in the

arms, on the edge of the arms and between the arms are about two times larger

than in the center or in the halo of the SG. And, �nally, we calculated the number

of type I and type II supernova explosions in SGs of various morphological types

(we took data from supernova explosions from the catalog [10]). The data are

shown in Table 2.

Table 2. The number of �ares of various types and the morphological type of the

corresponding Seyfert galaxies.

Type Aux. I II

Morph.type

Sa 4 7

SAB 5 12

SB 6 2

As can be seen from the table, the number of type II supernovae is maximal

for SG of morphological types Sa and S0 (lenticular galaxies), and the picture is

opposite for type I �ares.

An analysis of the number of di�erent types of supernova explosions helps us

in understanding, for example, changes in stellar density for SH of various mor-

phological types. Based on the current understanding of the scenarios of various

types of supernova explosions, a type I supernova is a binary star (white dwarf +

giant, supergiant) [13]. The existence of such an unusual pair is possible only in

the case of capture of one star by another with their su�cient convergence. On

the other hand (as will be seen in Fig. 5), SGs of di�erent morphological types

have approximately the same mass, but in SB type SGs, all stars are concen-

trated in two arms and a jumper, while in SG type Sa stars are fairly uniformly

distributed throughout disk [14]. Hence, it can be assumed that the stellar density

in the arms and jumper of the SB type is higher, and, therefore, the probability

of approaching and capture of stars by each other is higher.

13
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Fig. 4. The relationship between the rotation speed of Seyfert galaxies and the rate

of accretion.

Fig. 5. The maximum SG rotation speed is Vm and log M depending on the spectral

class of the SG (abscissa axis, see the legends of the �gures).

If, on the basis of overlapping data for the SG from [10], we compare the aver-

age masses of the galactic nuclei of the galaxies Sy 1 and Sy 2, then they turned

out to be 7.45 and 7.49069 logarithms of solar masses, respectively, i.e. almost

14
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equal to each other. If we compare the average values of the accretion rates from

the same work for the same galaxies, then it turns out that the accretion rates

for the SG of the spectral type Sy 2 are 2.285862, and for Sy 1 - 0.130455 solar

masses per year, i.e. here the di�erence is signi�cant. True, there are about six

SGs in the averaging group, whose accretion rates are signi�cantly higher (galax-

ies with a UV excess), but we still left them averaged to remove a certain risk

of subjectivity. Equal average masses of nuclei and signi�cant di�erences in the

rate of accretion allow us to assume that other forces, for example, magnetic, take

part in the rate of matter accretion onto the SG core as well as gravity. This is

also indicated by Figure 4 (data taken from [13]).

As can be seen from Fig. 4, the SH of the �rst type (Sy1) has approximately

the same and very small rates of accretion. While SH of the second type (Sy 2)

in a relatively small interval of rotation velocities (∼ 1000 km / s) can have the

most varied values of accretion rates, the reason for this could be the presence of

a magnetic �eld of a nucleus (or perinuclear accretion disk) in these SH ) [13].

Here it should be noted such an e�ect: If we plot the dependence of the SG

radial velocity on the angle of inclination of the plane of these galaxies to the line

of sight, then the graph will show some correlation of these parameters. Near the

value of 90◦, radial velocities are maximum, and towards 0◦ and 180◦ these values

decrease (data from the site of the Center for Astronomical Data in Strasbourg

[12]). In our opinion, this e�ect is associated with observational selection - the

closer the galaxy is to the �o�� position, the more di�cult it is to detect it, and

the more measure its parameters.

As can be seen from Figure 5, on average, the logM values for SGs of di�erent

morphological types and spectral classes are the same, while the values of the

maximum rotation speed show a more complex dependence (data taken from [

[15]]).

3. RESULTS

1. SGs of the spectral type Sy 1 and Sy 2 are in a stable, stable state for a

long time, while SGs of the intermediate spectral types are unstable and exist in

these states for a relatively short time and change their spectral type from time

to time.

2. The number of type II supernovae is maximum for SH of the morphological

types Sa and S0, and the opposite is true for type I �ares.

3. Equal average masses of nuclei and signi�cant di�erences in the rate of

accretion allow us to assume that other forces, for example, magnetic, take part

in the rate of matter accretion onto the core, in addition to gravity.
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The study of the e�ect of radiation on the brain and its cognitive functions

is currently an urgent problem. There are natural sources of radiation and

arti�cial, created by man. Natural radiation is cosmic radiation, the dose of

which increases with altitude. For �ights at high altitudes, their e�ect must be

considered. Man-made sources of radiation require special precautions, such as

measures to control the operation of nuclear power plants, precautions when

handling radioactive materials, the inevitable dose of radiation when used in

medicine (radiation therapy). The aim of our work is a computer simulation

of radiation-induced disruption of the neural networks activity of the prefrontal

cortex for various options for doses of radiation. To do this, we used a working

memory neural network model, which describes neural activity at various input

parameters corresponding to di�erent doses of radiation.

Keywords: Cosmic radiation � Neural activity � Radiation risks

1. INTRODUCTION

Estimation of radiation damage to the central nervous system has become an

on-going challenge for the last decades primarily due to the issues of brain tumor

radiotherapy [1] and radiation protection for manned �ights beyond the Earth's

magnetosphere [2�4]. The crew and passengers on high altitude air �ights are also

facing some degree of cosmic rays radiation.

* E-mail: popovaelp@mail.ru
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When assessing the risk of radiation exposure during the prolonged manned

�ight beyond the magnetosphere it is important to bear in mind the possible for-

mation of disturbances from the central nervous system of pilots and astronauts.

In experiments on the irradiation of laboratory animals with high-energy iron ions

at doses corresponding to the real �uxes of galactic iron nuclei, when �ying to

Mars, various disorders from the central nervous system are detected [5]. They

are manifested in pronounced disorders of memory, spatial orientation, inhibition

of cognitive functions, which is associated with structural and functional changes

in brain neurons such as shrinkage in soma size, loss or regression of dendrites and

dendritic spines , and disturbance of synaptic transmission and plasticity [6, 7].

In order to have predictive value for risks, biological pathways and their out-

puts need to be organized into mathematical models. Development of mathemati-

cal models for neural networks and structures seems to be an extremely important

part in such research. In neuroscience, a biological neural network is a series of in-

terconnected neurons whose activation de�nes a recognizable linear pathway. The

interface through which neurons interact with their neighbors usually consists of

several axon terminals connected via synapses to dendrites on other neurons. If

the sum of the input signals into one neuron surpasses a certain threshold, the

neuron sends an action potential at the axon hillock and transmits this electrical

signal along the axon. Biological neural networks have inspired the design of ar-

ti�cial neural networks. Biological neural network simulation have been applied

recently for the quanti�cation of related phenomena in hippocampus [8]. This

model was used to compare predicted hippocampal CA1 region network �ring

statistics using input parameters from proton-irradiated versus control mice.

In present work we will study radiation dysfunction of neural activity in the

prefrontal cortex that is responsible for short-term retention of information about

the object (working memory).

2. MAIN EQUATIONS

Working memory is the ability to transiently hold and manipulate goal-related

information to guide forthcoming actions. The prefrontal cortex (PFC) is the

brain structure most closely linked to working memory. PFC neurons show el-

evated persistent activity [9] during delayed reaction tasks, when information

derived from a brie�y presented cue must be held in memory during a delay pe-

riod to guide a forthcoming response. The activity is grouped within so called

memory �elds related to selected object.

For modeling networks which produce persistent �ring in response to novel

input patterns and thought to be important in working memory and other in-

formation storage functions one possible mechanism for maintaining persistent
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�ring is dendritic voltage bistability in which the depolarized state depends on

the voltage dependence of the NMDA conductance at recurrent synapses. Our

approach is based on modi�ed version of the model by Sanders et al [10]. The

bistability here arises from the complementary nonlinear voltage dependence of

GABAB/KIR and NMDA synaptic conductances.

The network is composed of NP = 144 two compartment pyramidal cells (ex-

citatory population) and NI = 36 single compartment interneurons (inhibitory

population) according to typical architecture of a cortical module. Hodgkin-

Huxley-type conductance-based neurons in the model are connected with each

other by spatially structured synaptic contacts with three types of receptors. The

excitatory neurons had two compartments: a dendrite with voltage Vd and a soma

with voltage Vs. Separating the spike-generating conductances from the bistable

synaptic compartment allows bistability to be maintained during the large somatic

voltage �uctuations associated with action potential generation.

The equations for the membrane potential of neurons are as follows:

C
dUj

dt
= −g̃Lz̃L(Uj − ẼL)− JNa − JK − JNMDA (1)

−JAMPA − JGABAA
− Jnoise, (2)

C
dVs,i
dt

= −gc(Vs,i − Vd,i)− gLzL(Vs,i − EL)− INa − IK − IGABAA
, (3)

C
dVd,i
dt

= −gc(Vd,i − Vs,i)− gLzL(Vd,i − EL)− INMDA − IAMPA (4)

−IGABAA
− IGABAB

− Inoise + Iext, (5)

where Vs,i, Vd,i and Ui are membrane potentials for pyramidal cells and interneu-

rons, respectively, indexes i = 1...NP , j = 1...NI correspond to cell number,

the membrane capacitance is C = 1 nF. Voltages are given in mV, time in ms,

conductivity in mS / cm2.

Ion currents are

JNa = g̃Nam̃
3
j h̃j(Uj − (ẼNa + z̃Na)), (6)

JK = g̃K ñ
4
j (Uj − ẼK), (7)

INa = gNam
3
ihi(Vs,i − (ENa + zNa)), (8)

IK = gKn
4
i (Vs,i − EK). (9)

General view of the kinetic equation for the gate functions of ion channels

corresponds to Hodgkin-Huxley approach:

dm

dt
= αm(1−m)− βmm, (10)

19



A. Bugay et. al AJAz: 2019, 14(1), 17-29

dn

dt
= αn(1− n)− βnn, (11)

dh

dt
= αh(1− h)− βhh. (12)

For interneurons

αm = − 0.5(U + 35)

e−0.1(U+35) − 1
, βm = 20e−(U+60)/18, (13)

αh = 0.35e−(U+58)/20, βh =
5

e−0.1(U+28) + 1
, (14)

αn = − 0.05(U + 34)

e−0.1(U+34) − 1
, βn = 0.625e−(U+44)/80, (15)

where g̃L = 0.1, ẼL = −65, g̃Na = 35, ẼNa = 55, g̃K = 9, ẼK = −90.
For pyramidal neurons

αm = − 0.1(V + 32)

e−0.1(V+32) − 1
, βm = 4e−(V+57)/18, (16)

αh = 0.07e−(V+48)/20, βh =
1

e−0.1(V+18) + 1
, (17)

αn = − 0.01(V + 34)

e−0.1(V+34) − 1
, βn = 0.125e−(V+44)/80, (18)

gL = 0.1, EL = −80, gNa = 45, ENa = 55, gK = 18, EK = −80.
First two types of synaptic connections coming from pyramidal cells are excita-

tory with glutamate as transmitter. Postsynaptic current formed by N-methyl-D-

aspartate (NMDA) receptors has nonlinear voltage dependence, which is referred

to the magnesium block de�ned by concentration CMg.

For interneurons (k = 1...NI)

Jk,NMDA = g̃NMDAz̃NMDA
Uk − ENMDA

1 + CMg exp(−0.08(Uk − ENMDA))
(19)

·
Np∑

i=1,i 6=k

WEI [i, k]si,NMDA[Vs,i(t)]. (20)

For pyramidal neurons (k = 1...Np)

Ik,NMDA = gNMDAzNMDA
Vd,k − ENMDA

1 + CMg exp(−0.08(Vd,k − ENMDA))
(21)

·
Np∑

i=1,i 6=k

WEE [i, k]si,NMDA[Vs,i(t)]. (22)
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Another excitatory current formed by a-amino-3-hydroxy-5-methyl-4-

isoxazolepropionic acid (AMPA) receptors is linear with respect to postsynaptic

voltage.

For interneurons (k = 1...NI)

Jk,AMPA = g̃AMPAz̃AMPA(Uk − EAMPA)

Np∑
i=1,i 6=k

WEI [i, k]si,AMPA[Vs,i(t)]. (23)

For pyramidal neurons (k = 1...Np)

Ik,AMPA = gAMPAzAMPA(Vd,k − EAMPA)

Np∑
i=1,i 6=k

WEE [i, k]si,AMPA[Vs,i(t)]. (24)

Here ENMDA = EAMPA = 0, CMg = 0.15.

Inhibitory synaptic currents formed by gamma-aminobutyric acid (GABA)

type-A and type-B receptors are given by the following expressions:

For interneurons (k = 1...NI)

Jk,GABAA
= g̃GABAA

(Uk − EGABAA
)

NI∑
i=1,i 6=k

WII [i, k]si,GABAA
[Ui(t)]. (25)

For pyramidal neurons (k = 1...Np)

Ik,GABAA
= gGABAA

(Vd,k − EGABAA
)

NI∑
i=1,i 6=k

WIE [i, k]si,GABAA
[Ui(t)], (26)

Ik,GABAB
= gGABAB

(
0.25 + 0.75

NI∑
i=1

Gi(t)
4WIE [i, k]

Gi(t)4 +Kd

)

·
Vd,k − EGABAB

1 + exp(0.1(Vd,k − EGABAB
+ 10))

, (27)

where EGABAA
= −70, EGABAB

= −90.
The dynamics of slow type-B GABAB receptor is controlled through a cascade

of chemical interactions. Here

dGi

dt
= K3Ri −K4Gi, (28)
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dRi

dt
= K1Ti(1−Ri)−K2Ri, (29)

dBi

dt
= k1T (Bm −Bi)− (k−1 + k−2)Bi, (30)

dTi
dt

=
1

1 + exp(−Ui(t)/2)
− k1Ti(Bm −Bi) + k−1B − Ti/τD, (31)

Kd = 17.83, K1 = 0.18, K2 = 0.0096, K3 = 0.19, K4 = 0.06, k1 = 30, k−1 = 0.1,

k2 = 0.02, Bm = 1, τD = 10.

Presynaptic signal functions s are de�ned by the following equations:

dsj,GABAA

dt
=

KfGABAA

1 + exp(−Uj(t)/2)
(1− sj,GABAA

)−KrGABAA
sj,GABAA

, (32)

KfGABAA
= 12, KrGABAA

= 0.1,

dsi,AMPA

dt
=

KfAMPA

1 + exp(−Vs,i(t)/2)
(1− si,AMPA)−KrAMPAsi,AMPA, (33)

KfAMPA = 12, KrAMPA = 1,

dsi,NMDA

dt
= αsxi(1− si,NMDA)− βssi,NMDA, (34)

dxi
dt

=
αx

1 + exp(−Vs,i(t)/2)
(1− xi)− βxxi, (35)

αs = 0.1, βs = 0.01, αx = 10, βx = 0.5.

The spatial distribution of network connections is de�ned through the synaptic

weights:

WEE [i, k] =
wEE√
2πσEE

exp

[
−(θEi− θEk)2

2σ2EE

]
, (36)

WEI [i, k] =
wEI√
2πσEI

exp

[
−(θEi− θIk)2

2σ2EI

]
, (37)

WII [i, k] =
wII√
2πσII

exp

[
−(θIi− θIk)2

2σ2II

]
, (38)

WIE [i, k] =
wIE√
2πσIE

exp

[
−(θIi− θEk)2

2σ2IE

]
, (39)

where θE = NE/360, θI = NI/360,
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The inputs to the network were simulated as follows. The axons representing

the pattern to be remembered �red a train of action potentials that was generated

by current pulse Iext = 30 during the �rst 100 ms.

Noise was implemented as independent excitatory and inhibitory conductance

noise rand drawn at each time step 300 ms from a uniform distribution.

Jk,noise = gnoise(Uk − Enoise)

Ni∑
i 6=k

s̃i,noise[Ṽnoise,i(t)], (40)

Ik,noise = gnoise(Vd,k − Enoise)

Np∑
i 6=k

s̃i,noise[Ṽnoise,i(t)], (41)

ds̃i,noise
dt

=
Kfnoise

1 + exp
(
−Ṽnoise,i(t)/2

)(1− s̃i,noise)−Krnoises̃i,noise, (42)

where gnoise = 10, Enoise = 0, Kfnoise = 12, Krnoise = 1.

To simulate random function Ṽnoise(t) the considered time interval is divided

into segments of 300 ms and a random moment of time t0 is generated on them

with a normal distribution function over the section being considered

Ṽnoise(t) = −80 + 100
∑
t0

exp
(
−(t− t0)2

)
. (43)

To solve the system, the two program codes were written in MATLAB and

C++. Finally the systems of these equations was solved by the Runge-Kutta

method. Typical simulation result is shown in Fig.1.

EFFECT OF RADIATION ON THE NEURAL NETWORK OF THE

PREFRONTAL CORTEX

At the current level of knowledge it is not possible to develop self-consistent

theoretical model of radiation-induced damage to critical sites of neurons. Exist-

ing models of charged particle interaction with neurons are only available to count

energy deposition events in critical sites of neural cell [11]. Therefore, we will fol-

low the approach introduced in [8], which is based on the usage of experimentally

determined change in parameters of neural network. In our case required set of

model parameters should be estimated from existing experimental data.

Here we will consider the e�ect of radiation-induced perturbation of brain neu-

rochemistry. The concentrations of monoamines and their metabolites in di�erent

brain areas including the prefrontal cortex were shown to be a�ected by ionizing

radiation [13,14]. It is suggested that the e�ect of dopamine on working memory
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Fig. 1. The activity of neural network (pyramidal cells from 1 to 140 are shown). Four

groups of stimulated pyramidal cells (bars correspond to spikes of action potentials)

do not spread their activity to other cells. Single neurons in the activated column

maintain their �ring after external stimulation ends(t = 100 ms).

performance is mediated by D1 receptors. Dopaminergic modulation via the D1

receptor a�ects transmission through the AMPA and NMDA receptors, persistent

sodium current, and the spontaneous activity of interneurons.

In [12] a similar model was used to simulate the impairment of working mem-

ory in schizophrenia. Using a biologically plausible prefrontal cortical circuit

model, authors simulated sustained activity during a simultaneous, multitarget

working memory task. Hypodopaminergic modulation resulted in imprecision and

a reduced capacity in working memory primarily due to decreased NMDA con-

ductance. Increasing NMDA conductance ameliorated both impairments. We can

use such model under conditions of radiation exposure.

The modulation of conductivities in our model depends on parameter z, as in

[12].

For exitatory neurons:

zAMPA =
1.0 + e−1.0/0.6

1.3 + e−1.0/0.6
1.3 + e(2.0−zda)/0.6

1.0 + e(2.0−zda)/0.6
,

zNMDA = 1.88
1.0 + e−1.0/0.6

2.0 + e−1.0/0.6
2.0 + e(2.0−zda)/0.6

1.0 + e(2.0−zda)/0.6
,

zL =
1.0 + e−1.0/0.6

0.4 + e−1.0/0.6
0.4 + e(2.0−zda)/0.6

1.0 + e(2.0−zda)/0.6
,
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a)

b)

Fig. 2. Simulation of neural network activity after irradiation of 170 MeV protons

with doses of 1 Gy (a) and 2 Gy (b) . The initial conditions are the same as in control

shown in Fig.1.

zNa = 1/(1 + e(2−zda)/0.6)− 1/(1 + e(2−3)/0.6).
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a)

b)

Fig. 3. Simulation of neural network activity after irradiation of 600 MeV/n iron ions

with doses of 0.25 Gy (a) and 0.5 Gy (b) . The initial conditions are the same as in

control shown in Fig.1. All four groups of stimulated pyramidal cells have lost their

ability to maintain �ring after external stimulation.

For inhibitory neurons:

z̃AMPA =
1.0 + e0.5/0.75

1.3 + e0.5/0.75
1.3 + e(3.5−zda)/0.75

1.0 + e(3.5−zda)/0.75
,
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z̃NMDA =
1.0 + e0.5/0.75

2.0 + e0.5/0.75
2.0 + e(3.5−zda)/0.75

1.0 + e(3.5−zda)/0.75
,

z̃L =
1.0 + e0.5/0.75

0.4 + e0.5/0.75
0.4 + e(3.5−zda)/0.75

1.0 + e(3.5−zda)/0.75
,

z̃Na = 1/(1 + e(3.5−zda)/0.75)− 1/(1 + e(3.5−3)/0.75).

In normal state zda = 3.

In [13] it was shown that irradiation with heavy charged particles leads to

more severe cognitive de�cits than when exposed to light particles.

For 170 MeV protons (1 and 2 Gy) we have zda = 2.47 and zda = 2.38 respec-

tively, and for 0.6 GeV/u 56Fe ions (0.25 and 0.5 Gy) zda = 2.175 and zda = 1.65

according to the experimental data retreived from [13, 14] . The reason for men-

tioned alterations in not �rmly established yet. Along with direct damage to

sensitive structures from traversing particle tracks there may be secondary e�ects

such as oxidative stress caused by reactive oxygen species.

In our model simulation with data for 170 MeV protons (1 and 2 Gy) gives

weak disturbances in the working memory Fig.1, while irradiation by 0.6 GeV/u
56Fe ions (0.25 and 0.5 Gy) gives a strong deterioration in the working memory

Fig.3.

This results correlate with recent experimental �ndings [15], where uncertainty

attending to the possible disruption of cognitive performance caused by proton

irradiation was found at the doses of several Gy. The experiments with acceler-

ated iron ions [16] revealed cognitive disorders with doses an order lower than for

protons. Such observations support the reliability of our model.

CONCLUSION

We have developed biophysical conductance-based neural network model of

working memory for study of radiation-induced impairments. The model can be

used to show how known dose-dependent changes in basic parameters of neu-

rons a�ect network spatiotemporal dynamics. It is demonstrated, that radiation-

induced alterations in the properties of synaptic receptors cause loss of stability

for speci�c patterns of activity. This instability arises at very low doses of heavy

charged ions, but than for protons.

Proposed theoretical approach provides an insight on how can new knowledge

and data from molecular, cellular and tissue models of CNS adverse changes be

used to estimate CNS radiation risks.
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This review presents the main points of the theory of Wigner's representations

of the quantum-mechanical Poincarè group ISO(3, 1) and its application in

the theory of elementary particles. Explicit formulas for the angles of rotation

of the spin during Lorentz turns, as well as geometric interpretations of the

results of Wigner's theory in terms of spherical and hyperbolic geometries

are given. The results admit a direct generalization to cosmological groups

SO(4, 1) and SO(3, 2).

Keywords: Poincarè group ISO(3, 1), spherical geometry, hyperbolic geome-

try, unitary ray representations, small group, Wigner's operator

1. INTRODUCTION

Groups of space-time movements play a very important role in the theory of

elementary particles and cosmology. The concept of invariance groups establishes

a link between high energy physics and cosmology.

In modern cosmology and the physics of elementary particles, the space-time

of Minkowski and the worlds of de Sitter are often used, especially.

The special role of these cosmological models is related to the fact that they

possess maximal groups of motions: the Poincarè group P ↑+ ≡ ISO(3, 1) in the

case of the Minkowski world and the groups SO(4, 1) and SO(3, 2) in the case of

the de Sitter worlds.

The theory of elementary particles is a relativistic theory. The foundations of

this theory are the quantum-mechanical principles of nature description and the

Einstein relativity principle [1, 2].

* E-mail: balaali.rajabov@mail.ru
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In this article, we will limit ourselves to the consideration the Minkowski and

the Poincarè group.

The main result of the synthesis of the principles of the quantum-mechanical

description of the nature and relativity of Einstein is that the role of the group

of space-time symmetries is played not by the Poincarè group P ↑+ but its univer-

sal covering group, the so-called quantum-mechanical Poincarè group P ↑+, [3]. A

namely, Unitary Irreducible Representations (UIR) of the quantum-mechanical

Poincarè group P ↑+ describe the state of elementary particles. Invariants of the

Poincarè group P ↑+ (mass and spin) characterize the invariant properties of ele-

mentary particles, and the generators of the Poincarè group determine the set of

observables that determine the states of elementary particles during independent

measurements.

The relativistic dynamics of a free particle is uniquely determined by the be-

havior of its state vector during the transformation ḡ ∈ P ↑+:

|γg >= U(ḡ)|γ > .

Finding the explicit form of the operator U(ḡ) acting on the state vector is

equivalent to solving the equation of motion for a free particle. U(ḡ) operators

for an elementary particle constitute representations of the Poincarè group P ↑+.

2. QUANTUM MECHANICAL GROUP POINCARÈ

An element of the classical Poincarè group g = (a,Λ) consists of 4-vector

aµ and 4× 4 Lorentz matrices Λµν ∈ SO(3, 1), µ, ν = 0, 1, 2, 3. In the quantum-

mechanical Poincarè group Lorentz transformations are given by unimodular 2×2-

matrices A ∈ SL(2, C), i.e. detA = 1, and the translation vector aµ Hermitian

matrices are matched a = σµa
µ. Thus, the element of the group ḡ ∈ P ↑+ is written

as: ḡ = (a,A) .

Here, σµ - Pauli matrices [2], supplemented by the unit matrix:

σ0 =

(
1 0

0 1

)
, σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
.

For Pauli matrices, well-known commutation and anti-commutation relations

are satis�ed1):

[σi, σj ] = 2iεijkσk, {σi, σj} = 2δijσ0, i, j, k = 1, 2, 3,

1) By double-repeated indices, the Einstein summation rule is implied.
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where δij is Kronecker symbol, and εijk is the symbol of Levi-Civita2)

Square brackets mean a commutator, curly � anti-commutator.

In addition, the Pauli matrices are orthogonal in the following sense:

1

2
Sp (σµσν) = δµν

The correspondence between Lorentz transformations SO(3, 1) and SL(2, C)

transformations is established as follows. Transformation of the matrix b = σµb
µ:

b −→ b′ = AbA+

corresponds to the Lorentz transformation of the following form:

bµ −→ b
′µ = Λµ.νb

ν ,

and takes place:

Λ(A) = Λ(−A); (1)

Λµ.ν(A) =
1

2
Sp
(
σµAσνA

+
)
.

It is easy to see that the matrix:

AL = σ0 cosh
ω

2
+
(
σkn

k
)

sinh
ω

2
=

= exp
[(
σkn

k
) ω

2

]
, A+

L = AL, (2)

describes the pure Lorentz transformation in the direction n with speed v = tanhω

without any rotations. And the matrix:

AR = σ0 cos
ω

2
+ i
(
σkn

k
)

sin
ω

2
=

= exp
[
i
(
σkn

k
) ω

2

]
, A+

R = A−1R , , (3)

describes rotation by the angle ω around the unit vector n.

The multiplication rule for elements of the classical Poincarè group P ↑+ has a

form:

(a1,Λ1) (a2,Λ2) = (a1 + Λ1a2,Λ1Λ2) ,

and for the elements of the quantum-mechanical Poincarè group P ↑+, the multi-

plication law is as follows:

(a1, A1) (a2, A2) =
(
a1 +A1a2A

+
1 , A1A2

)
. (4)

2) Hereinafter, the Latin indexes run through the values 1,2,3 and the Greek indexes run

through the values 0,1,2,3.
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In addition, the element (0, I) plays the role of the unit, and the inverse ele-

ment has the form:

(a,A)−1 =
(
−A−1aA−1+ , A−1

)
.

The inhomogeneous Lorentz group, i.e. the Poincarè group is a 10-parameter

continuous group whose generators consist of operators iPλ and iMµν = −iMνµ.

Here

iPλ is the translation generator in xλ direction;

iMµν is the rotation generator in the xµxν plane.

For these generators, the following commutation relations are valid:

[Pµ, Pν ] = 0,

[Mµν ,M%σ] = i (gµσMν% + gν%Mµσ − gµ%Mνσ − gνσMµρ) , (5)

[Mµν , Pσ] = i (gνσPµ − gµσPν) .

These generators correspond to 10 one-parameter transformation subgroups

of the Poincarè group and form the main observables in quantum mechanics.

Here,

Pµ is called an energy-momentum or 4-momentum;

and 3-vector

Mm =
1

2
εmnkM

nk = (M23,M31,M12) ,

is called an angular momentum.

As a rule, instead of the M0j components, a 3-vector is introduced:

N = (M01,M02,M03) .

Then the commutation relations (5) for the components ofMµν take the following

form:

[Mi,Mj ] = iεijlMl, (6)

[Mi, Nj ] = iεijlNl,

[Ni, Nj ] = −iεijlMl; i, j, l = 1, 2, 3.

The solution of the problem of �nding all UIR's of the Poincarè group is

equivalent to the problem of constructing representations of the commutation

relations (5) using self-adjoint operators. First of all, it is necessary to �nd in-

variants groups, i.e. build using generators Mµν and Pλ quantities commuting

with all generators. Operators that do not change during transformations and for

each irreducible representation proportional to one operator are called Casimir
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operators. To �nd Casimir operators of the Poincaré group we introduce the

polarization vector (Pauli-Lubansky vector):

Wµ =
1

2
εµνλσM

νλP σ. (7)

This vector has the following properties:

WµP
µ = 0, [Wλ, Pν ] = 0.

For the vector Wµ, the following commutation relations hold:

[Mµν ,Wρ] = i (gµρWν − gν%Wµ) , (8)

[Wµ,Wν ] = iεµν%σW
%P σ.

It is easy to check that the scalar operators:

m2 = PµPµ,

w2 = WµWµ = MµσM
νσPµPν −

1

2
MµνM

µνPσP
σ

commute with all generators Mµν and Pλ. Therefore, for all irreducible represen-

tations of the Poincarè group, they are proportional to a unit operator and their

own values can be distinguished equivalence classes of irreducible representations.

We will not be interested in the case of m2 < 0, since in this case the par-

ticle energy can be given arbitrarily large in absolute values using the Lorentz

transformations, i.e. the energy spectrum from below is unbounded (it is not a

real physical case!). It should be noted that for representations corresponding to

real physical particles, the energy is always nonnegative P0 ≥ 0. On the other

hand, non-relativistic limiting cases are possible for such representations, whereas

representations with m2 < 0 do not possess these properties.

Thus, we will restrict ourselves only to the case of m2 ≥ 0. In this case of one

can enter a spin vector:

Jk = − 1

m
W λn

(k)
λ , (9)

where n
(k)
λ is the unit 4-vector orthogonal to 4-vector momentum Pµ:

n
(k)
λ nλ(k

′) = −δkk′ ; n
(k)
λ P λ = 0.

The spin vector has the following properties:

J 2 =
1

m2

−→
W

2
= J(J + 1);[

J i, J j
]

= iεijkJ
k. (10)
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Unitary irreducible representations (UIR) of the Poincarè group are charac-

terized by the values of the spin J , the mass m and the energy sign (for m2 > 0).

For physical states, energy is always positive.

To study the unitary representations of the inhomogeneous Lorentz group, it

is advisable to de�ne a basis in the space of representations. The physical state

vectors of irreducible representations may be characterized by the eigenvalues of

the operators included in the full algebra of observables. These operators with

necessity will be functions of generators Mµν and Pλ. One of these bases is the

canonical basis, which is possible for m2 > 0.

In the canonical basis, the components of the momentum pj and spin projec-

tion σ in the direction perpendicular to the 4-momentum vector Pµ are diagonal-

ized. In other words, a full set of mutually commuting operators will include the

following operators:

J3 =
1

m
W λn

(3)
λ = σ; m2, J2, pj ,

where
(
n(3)

)2
= −1, P λn

(3)
λ = 0, and the state vector in the Dirac notation, [1] is

written as: |p, σ;m,J >.

It should be noted that although this set we chose among the complete set of

commuting operators, it is not a complete set of commuting physical quantities.

In general, there are other operators (for example, operators of lepton or baryon

charge), commuting operators of a group. Eigenvalues of these operators together

with p and σ characterize the states of physical systems. Therefore, state vectors

in the space of irreducible representations in a more general form will be written

as follows:

|p, σ;m,J ; ζ >, (11)

where ζ is the complementary set of physical quantities (pj , J3) to full set of ob-

served other variables. Very often for brevity, we omit the characters m,J, ζ in

(11) and denote a vector of canonical basis in the form: |p, σ >.
Our aim is to �nd the explicit form of a unitary transformation of the state

vector:

|p, σ >−→ U(ḡ)|p, σ >, ḡ ∈ P ↑+.

For inhomogeneous transformations from (4) we get:

(a,A) = (a, 1̂)(0, A) = (0, A)
(
A−1aA−1

+
, 1̂
)
. (12)

Hereinafter, 1̂ is a unit element (or a matrix, depending on from context).

Therefore, to �nd unitary representations of U(a,A), it su�ces to �nd repre-

sentations of the subgroup of translations U(a, 1) and the subgroups of homoge-

neous transformations U(0, A).
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UIR's of the quantum-mechanical Poincarè group P ↑+ is found by Wigner [3].

The method of induced representations [4] is used to build representations of

U(a,A) based on the concept of stationary groups.

3. STATIONARY GROUP AND WIGNER OPERATOR

In this section, we study the translation subgroup. Representation of this

subgroup satis�es the commutative law

U(a1, 1̂)U(a2, 1̂) = U(a1 + a2, 1̂), U(0, 1̂) = 1̂.

The unitary representations of this 4-parameter Abelian subgroup are ex-

pressed by the exponent. The translation to the 4-vector aµ corresponds to the

exponent

U(a, 1̂) = eiPµa
µ
.

In states that diagonalizing the momentum (momentum representation), this

operator acts as follows

U(a, 1̂)|p, σ >= eipa|p, σ > . (13)

For given m and J , the completeness condition for state vectors has a form∑
σ

∫
dµ(p )|p, σ >< p, σ|= 1.

Here dµ(p ) is an invariant measure in the space of momenta. In the mass

shell p2 = m2, the invariant volume takes the form

dµ(p ) = δ(p2 −m2)d4p =
d3p

2p0
, p0 > 0.

Then the condition of orthonormality for the canonical basis takes the follow-

ing form

< p ′, σ′|p, σ >= 2p0δ(p− p ′)δσσ′ , p0 > 0. (14)

The transformation law of the 4-momentum matrix p = Pµσµ is as follows

p′ = ApA+, (15)

p
′µ = Λµ. ν(A)pν .

Consider a set of the matrices Ã(p) that preserve the invariant momentum

matrix p

Ã(p)pÃ+(p) = p, Ã(p) ⊂ SL(2, C). (16)

It is obvious that
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� the matrices Ã(p) form a subgroup of the group of unimodular 2×2-matrices

over the �eld of complex numbers. This subgroup is called the stationary

subgroup of momentum p and is denoted by L(p);

� the stationary subgroups for di�erent values of the momentum p are isomor-

phic if these values of the momentums can be translated into others Lorentz

transformations.

Choose the element α(p, p̊) ∈ SL(2, C) which converts the momentum p̊ into

p

p = α(p, p̊)p̊α+(p, p̊). (17)

Then the elements Ã(p) and Ã(p̊) of the stationary subgroups L(p) and L(p̊)

correspondingly can be related as follows:

Ã(p̊) = α−1(p, p̊)Ã(p)α(p, p̊). (18)

Indeed, from (15)-(17) we have:

Ã(p̊)p̊Ã+(p̊) = p̊.

Thus, it is established that all stationary subgroups of L(p) are isomorphic

to the stationary subgroup of L(p̊) �xed momentum p̊. In this construction, p̊ is

called the standard momentum, and α(p, p̊) is called the Wigner operator. In the

future we will use the abbreviated designation

α(p) ≡ α(p, p̊).

Let be

α(p)p̊α+(p) = p, (19)

α(p′)p̊α+(p′) = p′. (20)

Then from (16) and (18) - (20) we have

α−1(p′)Aα(p) = Ã(p̊, A). (21)

Thus, we have established that any element of A ∈ SL(2, C) can be repre-

sented as

A = α(p′)Ã(p̊, A)α−1(p). (22)

In formulas (21)-(22) we explicitly distinguished the dependence of the choice

of an element of the stationary subgroup L(p̊) on A.

Equation (22) plays the main role in the construction of representations of the

Poincaré group using representations of a stationary subgroup.
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4. CANONICAL BASIS AND WIGNER OPERATOR UNDER m2 > 0

For this case, choose the standard momentum p̊µ = (m, 0, 0, 0). As the stan-

dard momentum matrix take p̊ = m1̂. Then from (16) we have

Ã(p̊)Ã+(p̊) = 1̂,

i.e. for time-like momentums the matrix Ã(p̊) is unitary: Ã(p̊) ∈ SU(2).

The group SU(2) and its representations, as a universal covering group of 3-

dimensional rotations, are well studied [5].

From the de�nition, it is obvious that the Wigner operator is determined with

an accuracy to the element of the stationary subgroup, in this case, the rota-

tions from groups SU(2). Using this arbitrariness we de�ne the operator Wigner

so that he translated the state of rest to a state motions by a purely Lorentz

transformation without any spatial rotation. From (2) it can be seen that this is

equivalent to the hermiticity Wigner operator:

α(p) = α+(p).

Then the solution of equation (17) takes the following form

α(p)p̊α+(p) = mα2(p) = p.

Finally, we have

α(p) =
m+ p0 +

(
σkp

k
)√

2m(m+ p0)
. (23)

Thus, we obtained an explicit form of the Wigner operator in the canonical

basis.

5. SPIRAL BASIS AND WIGNER OPERATOR UNDER m2 > 0

In some problems it is advisable to use a spiral basis. The spiral basis

di�ers from the canonical basis in that the full set of observables instead of

J3 = 1
mW

λn
(3)
λ is included λ helicity

λ = −W
0

|p |
=

(Mp)

|p |
. (24)

Helicity is the projection of the total angular momentum in the direction of

the motion. Obviously, the helicity, an invariant quantity with respect to space

rotations and translations. The eigenvalues of the helicity operator are exactly

the same as for the spin projection:

λ = −J,−(J − 1), . . . , J − 1, J.
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We de�ne the Wigner operator in the form:

h(p ) ≡ h(p, ϑ, ϕ) = R(ϕ, ϑ, 0)e
1
2
σ3β, (25)

where

sinhβ =
|p |
m
, 0 ≤ ϕ ≤ π, 0 ≤ ϑ ≤ π.

Here ϑ is the angle between the momentum and the z axis, and ϕ is the angle

between the projection of the momentum in the (x, y) plane and the x axis.

The Wigner operator h(p ) in the formula (25) corresponds to the following

transformations: �rst, using the purely Lorentz transformation exp
(
1
2σ3β

)
stan-

dard momentum p̊ is translated into momentum, with the module |p | and directed
in the positive direction of the z axis, and then this momentum by rotating

R(ϕ, ϑ, 0) = e−i
1
2
σ3ϕe−i

1
2
σ2ϑ. (26)

combined with a given momentum p. In this case, the momentum |p | is
parametrized as follows

pµ = m(coshβ, sinhβ sinϑ cosϕ, sinhβ sinϑ sinϕ, sinhβ cosϑ). (27)

If the momentum p is directed in the negative direction of the z axis, then

the space rotation R must be chosen in the form R(ϕ, π − ϑ, 0).

The 2× 2 -matrix of the momentum pµ has the following form

p ≡ pµσµ =


p0 + p3 p1 − ip2

p1 + ip2 p0 − p3

 =

= m


coshβ + sinhβ cosϑ e−iϕ sinhβ sinϑ

eiϕ sinhβ sinϑ coshβ − sinhβ cosϑ

 =

(28)

= m


eβ cos2 ϑ2 + e−β sin2 ϑ

2 2e−iϕ sinhβ sin ϑ
2 cos ϑ2

2eiϕ sinhβ sin ϑ
2 cos ϑ2 e−β cos2 ϑ2 + eβ sin2 ϑ

2

 ;

det p = m2, p+ = p.

Inverse relationships are as follows

pµ =
1

2
Sp (pσµ) . (29)
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For the covariant components, we have, respectively

pµ = gµνp
ν , gµν = gµν = diag (1,−1,−1,−1) , (30)

pµ =
1

2
Sp (pµσ̃µ) , σ̃ = (σ0,−σ) = (σ0,−σ1,−σ2,−σ3) .

The orthogonality relation for the matrices σ and σ̃ is as follows

1

2
Sp (σµσ̃ν) = gµν .

Thus, the state vector in the spiral basis takes the following form

|p, λ;m,J ; ζ >≡ |p, λ > . (31)

The conditions of orthonormality (14) of the state vectors in the spiral basis

take the following form

< p
′
, λ′|p, λ >= 2p0δ(p− p

′
)δλλ′ , p0 > 0. (32)

6. UNITARY REPRESENTATIONS UNDER m2 > 0

Now we study the unitary representations U(0, A) of the universal covering

group SL(2, C) of the Lorentz group SO(3,1) at m2 > 0. This allows us us-

ing (12)-(13) construct representations of the Poincarè group. For the Lorentz

transformation A, the state vector in the spiral basis |p, λ > is exposed unitary

transformation

|p, λ >−→ U(0, A)|p, λ > .

The state vectors are normalized according to (32). As a result of the Lorentz

transformation Λ, the momentum receives a new value

p′ = Λp,

and the state vector is a new eigenvalue

PµU(0, A)|p, λ >= U(0, A)Λ.νµ pν |p, λ >= p
′
µU(0, A)|p, λ > .

The decomposition of the new state vector in the spiral basis takes the follow-

ing form

U(0, A)|p, λ >=
∑
λ

|p ′ , λ′ > Cλ′λ(p,A), p′ = Λ(A)p. (33)

In particular, for the elements of the stationary subgroup A ≡ Ã(p) of the

momentum p we have: Ã(p)pÃ+(p) = p.
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Then from (33) we get

U(0, Ã(p))|p, λ >=
∑
λ′

|p, λ′ > Cλ′λ(p, Ã(p)).

This shows that the matrix C(p, Ã(p)) is a representation of the stationary

subgroup L(p). As we have already established in Section 3 the stationary sub-

group for any momenta is isomorphic and, in the case of m2 > 0, isomorphic to

the group SU(2).

To �x the Wigner operator, we use (25)

|p, λ >= U(0, h(p ))|m,λ > . (34)

Here, for the rest state λ = J3 = σ. And for the de�nition of the matrix

C(p, Ã(p)) we use the expression

C(p, Ã(p̊)) = DJ
λ′λ

(Ã(p̊)), (35)

where DJ
λ′λ

is unitary (2J + 1)× (2J + 1) - matrix forming the representations of

the group SU(2).

From (22) we get

U(0, A) = U(0, h(p ′))U(0, Ã(p̊, A)U(0, h−1(p )). (36)

Now using (34) - (36) the last equation can be reduced to the following form

U(0, A)|p, λ >=
∑
λ′

|p ′, λ′ > DJ
λ′λ

(Ã(p̊, A)). (37)

In order to obtain representations of the Poincarè group, it remains to add to

the (37) translation (13)

U(0, A)|p, λ >= eipa
∑
λ′

|p ′, λ′ > DJ
λ′λ

(Ã(p̊, A)), (38)

where Ã(p̊, A) is determined from (22)

Ã(p̊, A) = h−1(p ′)Ah(p ). (39)

The matrix Ã(p̊, A) de�nes the rotation of the rest coordinate system and is

called the Wigner rotation

Ã(p̊, A) ≡ R(η1, ω, η2) = e−i
1
2
σ3η1e−i

1
2
σ2ωe−i

1
2
σ3η2 . (40)

Here η1, ω, η2 are Euler angles (in this case Wigner angles!) of rotation R.

The dependences of Wigner angles η1, ω, η2 from A is calculated in the Ap-

pendix.

We consider 3 di�erent cases of the matrix A since all other cases are a com-

bination of them.
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1. Let A be the rotation around the y axis

A = e−i
1
2
σ2ψ.

Then the rotation R(η1, ω, η2) of the rest coordinate system is given by the

formulas /see. Appendix, eq.(67)

ω = 0;

cos η =
cosψ − cosϑ cosϑ′

sinϑ sinϑ′
. (41)

Here η is the angle of rotation around the z axis. And ϑ and ϑ′ are the

angles formed by the momentums p and p ′ with the axis z, respectively.

Fig. 1

The expression(41) has a simple geometric interpretation (see Fig.1). Here

the vectors are oriented as follows:

n =
p

|p |
y0 ⊥ z z0

y
′
0 ⊥ z

′
z0

42



AJAz: 2019, 14(1), 30-53 Spin rotation under Lorentz transformations...

As can be seen from Fig. 1, the spherical angle BCA is the angle between

the planes (z, z0) and (z′, z0). Since the y0, the axis is perpendicular to

these planes, the angle between them is equal to the rotation angle η of the

y0 axis around the z0 axis. We can calculate this angle using the cosine

theorem of spherical trigonometry [6�9] to the spherical triangle ABC

cosC ≡ cosψ = cosϑ cosϑ′ + sinϑ sinϑ′ cos η.

It is easy to see that this expression matches (41).

2. Let A be a rotation around the axis z

A = e−i
1
2
σ3ψ.

In this case, the Wigner angles are zero /see Appendix, eq.(69)

η1 = η2 = ω = 0.

Indeed, since when rotating around the z-axis, the plane (z, z0) does not

change its position, the rest coordinate system will not experience any ro-

tation (see Fig.1).

3. Let A represents the Lorentz transformation in the positive direction of the

z-axis:

A = e
1
2
σ3α.

In this case, the Wigner angles (η1, ω, η2) are given by the following formulas

/see Appendix, eq.(72)/:

η1 = η2 = 0.

cosω =
coshβ coshβ′ − coshα

sinhβ sinhβ′
. (42)

Here

coshβ =
p0
m
, sinhβ =

|p|
m

;

coshβ′ =
p
′
0

m
, sinhβ′ =

∣∣∣p ′∣∣∣
m

.

Indeed, as can be seen from �g.2, in this case, the (z, z0) plane, as well as

the y0-axis, do not change their position, which means that the rest system

rotates around the y0-axis.
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Fig. 2:

It can be shown that the expression (42) has an elegant geometric interpre-

tation.

We introduce 4-speeds:

uµ =
pµ
m

=
(p0
m
,− p

m

)
,

uµu
µ =

pµp
µ

m2
= 1

The last equality means that in the 4-velocity space the ends of the 4-vectors

lie on the surface of the hyperboloid (the point (1, 0, 0, 0) is the vertex of

the hyperboloid).

Obviously, the end of the vector
◦
u will be at the vertex of the hyperboloid.

Consider a triangle formed by vertices at the points
◦
u, u, u′ (Fig. 3). The
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Fig. 3:

length of the sides of this triangle will be equal to the distance between its

vertices:

uµ
◦
uµ =

◦
u = coshβ,

u
′µ ◦uµ = coshβ′,

uµu
′
µ ≡ coshα.

If applying the cosine theorem of hyperbolic geometry [6�9] for this triangle,

we getting

coshα ≡ uµu′µ = coshβ coshβ′ − sinhβ sinhβ′(nn
′
).

On the other hand, the angle between n
′
and n is the angle of rotation

around the axis y0
(nn

′
) = cosω.

Then we get

coshα = coshβ coshβ′ − sinhβ sinhβ′ cosω.

It is easy to see that the last expression coincides with formula (72).
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7. WIGNER SMALL GROUP AND OPERATOR UNDER m2 = 0

For a zero mass, we choose as the standard momentum:
◦
p µ = (1, 0, 0, 1).

Then the expression for the 2× 2 -matrix
◦
p of the standard momentum through

the Pauli matrix will look like:

◦
p = 1 + σ3. (43)

The Wigner operator can be de�ned by the following formula

α (p ) =
1√

p0 + p3

(
p0 + p3 0

p1 + ip2 1

)
. (44)

Directly, by calculation one can verify that

α (p )
◦
pα+ (p ) = α (p ) (1 + σ3)α

+ (p ) = |p |σ0 + σkp
k ≡ p. (45)

In applications, it is sometimes convenient to de�ne the Wigner operator as

a product of a purely Lorentz transformation L (|p |) along the Z-axis and 3-

dimensional rotation R(p) from the Z-axis to the direction of the p

α (p ) = R(p )L (|p |) . (46)

The rotation matrix R(p ) has the form

R(p ) = exp

{
i
β

2

(
σkn

k
)}

, (47)

where

cosβ =

∣∣p3∣∣
|p |

, n = − [pe3]

|[pe3]|
.

Here e3 is a unit vector along the Z-axis.

And the Lorentz transformation L (|p |) has the form

L (|p |) = L+ (|p |) =
1

2
√
|p |

[|p |+ 1 + σ3(|p | − 1)] . (48)

The validity of the formulas (45)-(48) can be checked by direct calculation.

For a light-like momentum, the p2 = 0 stationary group is the group ISO(2) -

the group of translations and rotations of the Euclidean plane E(2). The ISO(2)

group is a semi-direct product of the 2-dimensional translation group T2 with the

group SO(2)

ISO(2) = T2 C SO(2).

Representations of the ISO(2) group are studied in [5]. It is shown that the

unitary representations of this group are divided into two types:
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1. Irreducible unitary representations, which are given by a nonzero real num-

ber: the restriction of this representation to the subgroup SO(2) contains all

the one-dimensional representations of this subgroup, consisting of exponen-

tials. These representations are in�nite-dimensional, as one would expect

since the ISO(2) group is a non-compact group.

2. A reduced representation in which the translation subgroup is represented

by unit operators. This representation is completely reducible and decom-

poses into a direct sum of one-dimensional representations in which the

rotation operators from the subgroup SO(2) are represented as exponents.

To determine the physical meaning of these representations, it su�ces to refer

to the formula (7) for the polarization operator Wµ. For states with a standard

momentum
◦
p, wµ this operator takes the form

Wµ
(◦
p
)

= (−M12, E2,−E1,−M12) , (49)

where

E1 = M01 +M31,

E2 = M02 +M32. (50)

From commutation relations (5), we obtain that the operators E1, E2,M12

satisfy the following commutation relations for the Lie algebra of ISO(2)

[E1, E2] = 0,

[M12, E2] = −iE1,

[M12, E1] = iE2. (51)

These operators commute with the standard momentum matrix
◦
p and the al-

gebra itself is isomorphic to the Lie algebra of a small group of the momentum
◦
p.

Representations of the 1st type of the group ISO(2) correspond to particles

with continuous spin and therefore are not interesting from a physical point of

view.3) And for representations of the 2nd type from (49) we have:

Wµ = −λPµ, (52)

since for these representations E1, E2 - unit operators. Λ parameter is called he-

licity, and its absolute value is the spin of a massless particle. In this regard, it is

necessary to make a few comments:

3) Theoretical studies devoted to particles with continuous spin have recently appeared [10].
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� For the 2nd type representations of the group ISO(2) group representations,

the helicity λ takes integer values since on the Euclidean plane the angle of

rotation changes in the interval [0, 2π). But since in physics of elementary

particles it is not the ISO(3, 1) Poincarè group itself that is used, but its

universal covering group, the so-called Poincarè quantum-mechanical group

P ↑+ and its representations, for which rotation angle varies in the interval

[0, 4π). Accordingly, the helicity λ takes integer or half-integer values:

λ = 0,±1/2,±1,±3/2, . . . .

� For elementary particles whose states are transformed by irreducible repre-

sentations of the group P ↑+, there is one polarization state. But elementary

particles like photon have two states of polarization. This means that ele-

mentary particles for which there are two independent states of polarization

di�ering in the helicity sign λ are transformed according to irreducible rep-

resentations of the Poincarè group with re�ection.

APPENDIX

All calculations are based on formula (39). According to (25) for h(p ) we

have

h(p, ϑ, ϕ) = R(ϕ, ϑ, 0)e
1
2
σ3β. (53)

Using the de�nition of Euler angles we get

R(ϕ, ϑ, 0) =


e−i

ϕ
2 cos ϑ2 −e−i

ϕ
2 sin ϑ

2

ei
ϕ
2 sin ϑ

2 ei
ϕ
2 cos ϑ2

 . (54)

From (53)-(54) we get the matrix expressions for h(p ) and h−1(p )

h(p ) =


e−i

ϕ
2 (cosh β

2 + sinh β
2 ) cos ϑ2 −e−i

ϕ
2 (cosh β

2 − sinh β
2 ) sin ϑ

2

ei
ϕ
2 (cosh β

2 + sinh β
2 ) sin ϑ

2 ei
ϕ
2 (cosh β

2 − sinh β
2 ) cos ϑ2

 =

(55)

=


e
β−iϕ

2 cos ϑ2 −e−
β+iϕ

2 sin ϑ
2

e
β+iϕ

2 sin ϑ
2 e−

β−iϕ
2 cos ϑ2

 ,
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h−1(p ) =


e−

β−iϕ
2 cos ϑ2 e−

β+iϕ
2 sin ϑ

2

−e
β+iϕ

2 sin ϑ
2 e

β−iϕ
2 cos ϑ2

 . (56)

From equations (28) and (55) it is clear that

p = h(p )h+(p ).

The explicit expression of Wigner's rotation from (40) has the form

R(η1, ω, η2) =


e−i

η1+η2
2 cos ω2 −e−i

η1−η2
2 sin ω

2

ei
η1−η2

2 sin ω
2 ei

η1+η2
2 cos ω2

 . (57)

Inverse formulas for β, ϑ, ϕ can be found using (25)-(27).

Now we calculate the Wigner rotation in special cases of A:

1. A = e−i
1
2
σ2ψ =


cos ψ2 − sin ψ

2

sin ψ
2 cos ψ2

 .

Then from (15) and (28) we have

β′ = β,

sinϑ′ sinϕ′ = sinϑ sinϕ,

sinϑ′ cosϕ′ = cosϑ sinψ + sinϑ cosϕ cosψ,

cosϑ′ = cosϑ cosψ − sinϑ cosϕ sinψ. (58)

Comparing the expression for the matrix A and the formulas (55)-(58) and

(39) we get

e−i
η1+η2

2 cos
ω

2
= ei

ϕ′
2

(
e−i

ϕ
2 cos

ψ

2
cos

ϑ

2
− ei

ϕ
2 sin

ψ

2
sin

ϑ

2

)
cos

ϑ′

2
+

+ e−i
ϕ′
2

(
e−i

ϕ
2 sin

ψ

2
cos

ϑ

2
+ ei

ϕ
2 cos

ψ

2
sin

ϑ

2

)
sin

ϑ′

2
, (59)
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ei
η1+η2

2 cos
ω

2
= e−i

ϕ′
2

(
ei
ϕ
2 cos

ψ

2
cos

ϑ

2
− e−i

ϕ
2 sin

ψ

2
sin

ϑ

2

)
cos

ϑ′

2
+

+ ei
ϕ′
2

(
ei
ϕ
2 sin

ψ

2
cos

ϑ

2
+ e−i

ϕ
2 cos

ψ

2
sin

ϑ

2

)
sin

ϑ′

2
, (60)

ei
η1−η2

2 sin
ω

2
= eβ−i

ϕ′
2

(
e−i

ϕ
2 sin

ψ

2
cos

ϑ

2
+ ei

ϕ
2 cos

ψ

2
sin

ϑ

2

)
cos

ϑ′

2
−

− eβ+i
ϕ′
2

(
e−i

ϕ
2 cos

ψ

2
cos

ϑ

2
− ei

ϕ
2 sin

ψ

2
sin

ϑ

2

)
sin

ϑ′

2
, (61)

e−i
η1−η2

2 sin
ω

2
= e−β+i

ϕ′
2

(
ei
ϕ
2 sin

ψ

2
cos

ϑ

2
+ e−i

ϕ
2 cos

ψ

2
sin

ϑ

2

)
cos

ϑ′

2
−

− e−β−i
ϕ′
2

(
ei
ϕ
2 cos

ψ

2
cos

ϑ

2
− e−i

ϕ
2 sin

ψ

2
sin

ϑ

2

)
sin

ϑ′

2
. (62)

From equations (61)-(62) using complex conjugation, you can get

e−β+i
η1−η2

2 sin
ω

2
= eβ+i

η1−η2
2 sin

ω

2
.

The last equality must be ful�lled for all real β. And this is only possible

with ω = 0.4) It follows that the rotation (57) depends only on the angular

parameter η ≡ η1 + η2.

From the equations (59)-(60) you can get the following:

ei
η
2 =

(
ei
ϕ−ϕ′

2 cos
ψ

2
cos

ϑ

2
− e−i

ϕ′+ϕ
2 sin

ψ

2
sin

ϑ

2

)
cos

ϑ′

2
+

+

(
ei
ϕ′+ϕ

2 sin
ψ

2
cos

ϑ

2
+ ei

ϕ′−ϕ
2 cos

ψ

2
sin

ϑ

2

)
sin

ϑ′

2
. (63)

From the last system of equations, you can get the following:

cos
η

2
=

(
cos

ϕ′ − ϕ
2

cos
ψ

2
cos

ϑ

2
− cos

ϕ′ + ϕ

2
sin

ψ

2
sin

ϑ

2

)
cos

ϑ′

2
+

+

(
cos

ϕ′ + ϕ

2
sin

ψ

2
cos

ϑ

2
+ cos

ϕ′ − ϕ
2

cos
ψ

2
sin

ϑ

2

)
sin

ϑ′

2
. (64)

4) Recall that the Euler angle ω varies within 0 ≤ ω ≤ π.
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sin
η

2
=

(
− sin

ϕ′ − ϕ
2

cos
ψ

2
cos

ϑ

2
+ sin

ϕ′ + ϕ

2
sin

ψ

2
sin

ϑ

2

)
cos

ϑ′

2
+

+

(
sin

ϕ′ + ϕ

2
sin

ψ

2
cos

ϑ

2
+ sin

ϕ′ − ϕ
2

cos
ψ

2
sin

ϑ

2

)
sin

ϑ′

2
. (65)

And the element of a small group (57) takes the following form

R =

(
e−i

η
2 −e−i

η
2

ei
η
2 ei

η
2

)
. (66)

After the necessary transformations from (64)-(65), we get5)

2 cos η = cosψ
(
sinϑ sinϑ′ + sinϕ sinϕ′

)
+

+ cosϑ′
(
cosϑ sinϕ sinϕ′ − cosϕ′ sinϑ sinψ

)
+

+ cosϕ
(
cosϕ′ + cosϑ cosϑ′ cosϕ′ cosψ + cosϑ sinϑ′ sinψ

)
Hence, with the help of (58), we �nally

cos η =
cosψ − cosϑ cosϑ′

sinϑ sinϑ′
; ω = 0. (67)

2. A = e−i
1
2
σ3ψ =

(
e−i

1
2
σ3ψ 0

0 ei
1
2
σ3ψ

)
.

For this case from (15) and (28) we have:

β′ = β, ϑ′ = ϑ, ϕ′ = ϕ+ ψ.

Comparing the expression for the matrix A and formulas (55)-(57) and (39)

we get

ei
η1−η2

2 sin
ω

2
= 0, ei

η1+η2
2 cos

ω

2
= 1. (68)

Hence, as in the previous case, we obtain

η1 = η2 = ω = 0. (69)

So in this case, Wigner's rotation does not occur.

5) It is convenient to use the identity here: cos η = cos2
η

2
− sin2 η

2
.
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3. A = e
1
2
σ3α =

(
cosh α

2 + sinh α
2 0

0 cosh α
2 − sinh α

2

)
=

(
eα/2 0

0 e−α/2

)
.

In this case from (15) and (28) we have

coshβ′ = coshβ coshα+ sinhβ sinhα cosϑ;

sinhβ′ sinϑ′ = sinhβ sinϑ;

sinhβ′ cosϑ′ = coshβ sinhα+ sinhβ coshα cosϑ;

ϕ′ = ϕ. (70)

Comparing the expression for the matrix A and the formulas (55)-(57) and

(39) we get

e−i
η1+η2

2 cos
ω

2
= e

β−α−β′
2 sin

ϑ

2
sin

ϑ′

2
+ e

−β′+α+β
2 cos

ϑ

2
cos

ϑ′

2
,

e−i
η1−η2

2 sin
ω

2
= e

−β′+α−β
2 sin

ϑ

2
cos

ϑ′

2
− e

−β′−α−β
2 cos

ϑ

2
sin

ϑ′

2
,

ei
η1−η2

2 sin
ω

2
= e

β′−α+β
2 sin

ϑ

2
cos

ϑ′

2
− e

β′+α+β
2 cos

ϑ

2
sin

ϑ′

2
,

ei
η1+η2

2 cos
ω

2
= e

β′+α−β
2 sin

ϑ

2
sin

ϑ′

2
+ e

β′−α−β
2 cos

ϑ

2
cos

ϑ′

2
. (71)

From (70)-(71) after the necessary calculations, one can �nd expressions for

Euler angles

η1 = η2 = 0,

cosω = cosϑ cosϑ′ + coshα sinϑ sinϑ′ =

=
coshβ coshβ′ − coshα

sinhβ sinhβ′
. (72)
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1. FROM THE EDITOR

For many years, prominent Azerbaijani scientist - astronomer, mathematician

Muhammad Nasiraddin Tusi is mentioned in di�erent sources as a Persian, Arabic,

and Iranian scientist. The reason is that most of the important scienti�c articles

of an eminent scientist H.J. Mamedbeyli, who was an employee of the Shamakhy

Astrophysical Observatory named after N. Tusi of the National Academy of Sci-

ences of Azerbaijan since 1981, were published in journals of republican scale, from

the 50-years of the 20th century. Most of the books published by the author are

written in the Azerbaijani language, and his relatively signi�cant work "Founder

of Maragha Observatory Nasiraddin Tusi" (Publishing House of the Academy of

Sciences of the Azerbaijan SSR. 1961), although was published in Russian, but

was not widely distributed. The author collected scienti�c facts about the work

of N.Tusi from 32 countries to publish this book. The publication of the article

"Prominent Azerbaijani scientist" (Izvest. ANAS of Azerbaijan SSR, No.9, 1951),

in journals respected in limited circles, in which the valuable results of the ex-

tensive and serious search of H.J. Mamedbeyli, served the interest of pretenders.

Besides, the non-publication of works of Mamedbeyli in international scienti�c

languages led to the oblivion of all his studies. Great irresponsibility and precon-

ception is the mention of N.Tusi mainly as a Persian, partially as Arabian, Iranian

and Mongolian scientist, in encyclopedic sources published at the end of the 20th

century. Azerbaijan was under the authority of Persian, Arabian, Mongolian, and

other empires for many years, where a rigorous regime was applied. In this case,

how could N.Tusi write that he is a Turk or an Azerbaijanian. Despite that 820

years have passed since his birth, the Persian regime does not permit the opening
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of Azerbaijani-language schools in Iran, still. Disseminating the crux of scienti�c

researches of H.J. Mamedbeyli on the national origin of N.Tusi in wide circles,

we can convey the truth to those who irresponsibly distort the truth about the

nationality of N.Tusi.

2. INTRODUCTION

The study of the history of science and culture in Azerbaijan shows that

the Azerbaijani people had a high cultural level in the distant past for its time.

Many eminent personalities came out from the Azerbaijani people - philosopher

Bahmany	ar, poets Khagani, Nizami, astronomers and mathematicians Abdulla

Ganjavi, Falaki Shirvani, Abul Fazl Tabrizi, Nasir ad-Din al-Tusi (Nasiraddin),

Fakhr ed Din (Fakhraddin) Maraghi, Shams ad Din (Shamsadin) Shirvani, Fakhr

ad Din Ihlati, architect Ajami Nakhchivani and others. There were several large

towns in Azerbaijan, which were famous as scienti�c and cultural centers not only

in Azerbaijan but also in the entire Middle East in the middle of the 13th cen-

tury. Among them, the cities of Ganja, Tabriz, Maragheh, Shamakhi, Nakhchivan

and others stood out. In these towns there were a large number of schools, with

many scientists. When the Mongol conquerors oppressed the country, many cities

of Azerbaijan destroyed and ransacked, and their population killed. However,

despite all this, Azerbaijani thinkers and scientists in the most unbearable and

hard conditions continued their productive work. With their creations, they made

a valuable contribution to the world culture. However, "the long-su�ering, but

freedom-loving Azerbaijani people, in unequal battles with numerous enemies, de-

fended their existence, managed to preserve their national identity, national cul-

ture, their native language." The wrong term "Arab culture" or "Arab science"

still exists today. Under this term completely independent cultures of many na-

tions, once under the rule of the Arabs, bring, whereas the "Arab culture" should

be understood only as of the culture of the Arab people themselves. As early as

the 14th century, the famous historian Ibn Khaldun pointed out the incorrectness

using this term. The Turkish historian Kopryulyu in the article �Some remarks

about Maragheh observatory of the 13th century�, gives this observatory and the

observatory of Ulugh Beg, (in Samarkand), as the scienti�c centers of "Turkish-

Islamic culture." In turn, the Iranian scientists arrogate to themselves the scien-

ti�c fame of the Maragheh Observatory, giving out this observatory as the center

of Iranian culture. Based on this, they deliberately downplay the importance of

such largest scienti�c institutions as the 13th century Maragheh observatory in

Azerbaijan and the 15th century Samarkand Observatory in Uzbekistan. In the

same cases, when bourgeois falsi�ers of the history of science under pressure are

compelled to talk about the Maragheh or Samarkand observatories, they give out
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them as centers of Arabian culture. We give the words of the author of the book

"The History of Mathematics in ancient and in the Middle Ages"-Hieronymus

Georg Zeuthen as an example, about Nasir al-Din al-Tusi and Ulugh Beg: �For a

long time after the Abbasid, Baghdad remained the center of Arabian mathemat-

ics; the greatest of the later mathematicians associated with it. The astronomer

and mathematician Nasir ad-Din al-Tusi managed to achieve a privileged position

for his research in Baghdad after the Mongols conquered it (1258). The last of

the Arab mathematicians, whom we should call, the Tatar Ulugh Beg, after a

new invasion of barbarians in the 15th century, likewise lived in Baghdad. The

deliberate distortion of historical facts by bourgeois scientists clearly manifested

in this small quotation. The assertion that Baghdad after its destruction by the

Mongols continued to be a scienti�c center is a con�ict to historical facts. It is

also quite wrong to assert that Nasir ad Din al-Tusi and Ulugh Beg were Ara-

bian mathematicians and astronomers. Finally, it is incorrect to state that Nasir

ad-Din al-Tusi and Ulugh Beg allegedly lived in Baghdad. It is well known, that

neither Nasir ad-Din al-Tusi nor Ulugh Beg ever lived in Baghdad. It is impossible

to read, without anger and disgust, the book of the French academician Arago

"Biography of famous astronomers, physicists and geometers." In this book, the

author, who considered the revolution of 1789-1793 a disgrace in the history of

France, declares the scientist, Abbasid caliph al-Mamun, and Nasir ad-Din al-

Tusi, just the copyist of the catalogue of Ibn Yunis. Vainly to seek the surname

of at least one Russian scientist in this trashy book. However, even unimportant

French scientists are issued in this book, as very prominent.

One of the largest cultural monuments of the Azerbaijani people, as already

mentioned above, is the Maragheh astronomical observatory.

It was built in 1258-1259. The initiator of the construction of the astronomical

observatory and its scienti�c head was Nasir ad-Din al-Tusi. Nasir al-Din al-Tusi

managed to assemble around him well-known Azerbaijani scientists, saving them

from Mongolian swords and poverty. Nasir ad-Din al-Tusi in the introduction of

�Zij-i Ilkhani� (Ilkhanic Tables) highlights the following his scienti�c astronomer-

employee: Muhyiddin Urzi, who worked in Damascus before the building the

observatory; Fakhreddin Maragi, who worked in Mosul before Maragheh; Na-

jemeddin Dibirani, who previously worked in Ti�is. The names of other scientists

who worked at the Maragheh Astronomical Observatory listed in one of the works

of Urzi. Besides the listed astronomers, Shamseddin Shirvani, Damian Hakim Ali

ben Mahmud (Najm ad Din) Najmeddin Usturlyabi, Qutb al-Din al-Shirazi, the

sons of Nasir ad-Din al-Tusi - Sadreddine and Asileddin and other scientists also

worked at the Maragheh Astronomical Observatory. Besides the Azerbaijanis, as-

tronomers from neighboring countries also worked at the Maragheh observatory

because its renown widely was spread around the world. Among those who worked
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at the Maragheh observatory was the Chinese astronomer Fao Mun-Chi. Accord-

ing to Rashid-al-din, over a hundred scientists altogether worked at the Maragheh

Astronomical Observatory. These scientists were engaged in the construction of

the astronomical instruments, astronomical observations and calculations, study

of the ancient manuscripts. The Maragheh Astronomical Observatory, well known

for its prominent scienti�c investigations, has been and remains a symbol of the

high culture of the Azerbaijani people. The scienti�c legacy of the Maragheh Ob-

servatory has not completely studied yet. However, the available data indicate the

enormous, global importance of this scienti�c institution. Even sober bourgeois

scientists do not dare deny the great scienti�c signi�cance of the Maragheh Ob-

servatory. Here - one of them writes, - the mass of astronomers worked under the

general supervision of Nasraddin. The instruments they used di�ered in their size

and solidity their designs were in probability, better than those used in Europe in

the days of Copernicus only Tycho Brahe's instruments surpassed them for the

�rst time. A valuable contribution to astronomical science is the astronomical

tables (�Zij-i Ilkhani�) prepared at the Maragheh observatory, generalized the re-

sults of astronomical observations of the whole collective of that researchers. The

founder of the Maragheh Astronomical Observatory was the greatest scientist and

thinker of the 13th century Muhammad ibn al-Hasan al-Tusi (1201-1270). His-

torical documents speak very little about Nasir ad-Din al-Tusi is personal life.

Two major historical events took place before the construction of the Maragheh

astronomical observatory. The �rst event was that Mongolian troops under the

leadership of Hulagu Khan invaded the territory of Iran and Azerbaijan. At that

time, the Assassins, a secret religious-political organization founded by Iranian

feudal lords, held Nasir ad-Din captive. Hulagu went on his hike in the autumn of

1253, accompanied by numerous Chinese masters and scientists, who partly served

as builders of military equipment and managed them, partly as geographers and

engineers; he goes through Samarkand to the Caspian Sea, occupies possession

of the mountainous areas which located there, invites the princes of the former

Sultanate of Iconium to bring submissiveness, penetrates to Hamadan, demands

submission from the doyen of the Persian Assassins in the Deylam country; the

then elder of mountain Ruknaddin rejected it; Hulagu .... Demolishes all robber

nests, destroys Assassins - writes Marx. Suppressed the Assassins, Hulagu liber-

ates Nasir ad-Din from captivity, and shortly, in view of his great fame, makes

him one of his con�dants. After the destruction of the Baghdad Caliphate by

the troops of Hulagu Khan, Nasir ad-Din al-Tusi began construction of an astro-

nomical observatory in the Maragheh city. After the destruction of the Baghdad

Caliphate by the troops of Hulagu Khan, Nasir al-Din al-Tusi began construction

of an astronomical observatory in the Maragheh city. Nasraddin had to overcome

considerable di�culties to implement his plans. Make the Mongolian khan use a
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large sum to build an astronomical observatory was not an easy task. However,

Nasraddin managed to make Hulagu khan relate to this case as a, particularly

important state event.

Mustafa al-Halabi Chalabi (Haji Khalifa), tells in his book "Jahan Name":

"At that time, when Nasir al-Din al-Tusi wanted to start building an astronom-

ical observatory in the Maragheh city and declared the prospective expenses to

Hulagu, he asked: Does the science of stars so useful that it is worth spending

an enormous sum on an observatory? In reply, Nasir al-Din al-Tusi said: Let me

do such: Let someone in absolute secret climb this mountain and dropped a large

empty bowl from there, but no one should know about it. They did so. When

the bowl dropped from the top of the mountain, it made a lot of noise. Panic

arose among the army of Hulagu Khan because of this. Nasir ad-Din watched it

all, together with Hulagu, and they remained calm. Then Nasir ad-Din addressed

Hulagu with the following words: we are calm because we know the reason of this

noise, but the troops do not know, and they worry, also if we know the reasons

of the celestial phenomena we will be calm on earth. This had an impression on

Hulagu, and he allowed spent 12,000 dinars to the construction of the observatory.

Hulagu Khan Consent to allocate a very large sum to the construction of the

observatory could be explained by the following reasons: �rst, the construction of

the observatory on the conquered land, had promised great political authority to

Hulagu Khan; secondly, con�dent in great abilities of Nasraddin, Hulagu hoped

to memorialize his own name, by creating an observatory. The last circumstance,

apparently explains the fact that Nasir ad-Din ascribes his merits to Hulagu Khan,

to please him. The scienti�c merits of Nasir al-Din al-Tusi are enormous.

He wrote more than thirty scienti�c works, which to date have not lost their

importance. His attempt to prove Euclid's �fth postulate played an enormous

role in the development of Non-Euclidean geometry.

Professor Veniamin Kagan, noting the impact of Nasraddin in the develop-

ment of Non-Euclidean geometry, writes that, the proof of Nasir al-Din al-Tusi

played a great role in the further development of the theory of Parallel lines. The

remarkable work of Nasir ad-Din al-Tusi "Tahriri Eglidis" - a textbook on ele-

mentary geometry - is a truly classic work. In 1594, the Arabian text of this work

was printed in Rome. Equally, valuable work written by Nasraddin on �at and

spherical trigonometry.

The above-mentioned Zeuthen, who considered Nasraddin and Ulugh Beg as

Arabs, faced the incontrovertible facts and had to admit that the overall outcome

of the Arabs work in this direction (i.e., in the development of trigonometry - M.G

) gave to us, in one essay of Nasraddin on the �at and spherical trigonometry,

which became known in Europe recently thanks to French translation. Its Name

"Treatise on the Quadrilateral" explained by the fact that the initial point of
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entire work is the complete Menelaus's triangle. However even more remarkable,

is the way in which Nasiraddin de�nes by three angles of the side; he solves this

problem, as we do now, leading it to the previous one by constructing a polar

or medial to a given triangle, i.e. triangles whose sides have the bands of the

vertices of a given triangle. As is known, each top of one triangle is a pole of a

determined side and the angles of the �rst are the midpoint of the sides of other,

in this case. Nasir ad-Din al-Tusi's work proves that the Arabs �rst discovered

this theorem, later re-discovered by Europeans. Historian of mathematics Cajori

writes about this: "We would not like to go into great details, but we must high-

light the fact that Nasiraddin, in the Far East, during the temporary suspension

of the military conquests of Tatar rulers, developed to a large extent both �at and

spherical trigonometry. One of the famous works of Nasir al-Din al-Tusi is his

treatise "Nasirean Ethics". Nasiraddin wrote a number of interesting thoughts in

this work. In the �rst chapter, he writes: �If anyone is familiar with the science of

natural history and if he will pay particular attention to the state of the matter,

their composition and opposite, then he will understand that none matter was

created and neither destroyed. It is only changing its volume, composition, type,

form and quality; it varies from one substance to another, but always circulates

and remains in nature.

This citation shows that elements of dialectical thinking were characteristic

to Nasiraddin.

In this tractate, Nasiraddin, although in a quite simple form, develops his

thoughts about the ideal society or as he puts it about the �city of freedom�. City

of liberty - writes Nasiraddin, so-called the people's city this is a city every face

of a society which has its own rights. Residents of this city have equal rights.

Here, no one thinks to exceed another. The entire population consists wholly of

freedom-loving people. In this city, the population placed above its rulers, because

it elects all its rulers. Just think that there is neither chief nor subordinate.

In this city, those who work in favor of the freedom of the people, protect it

from enemies and are not ambitious considered the best people.

People come here from all sides when a culture develops in this city. The city

is growing and its population is rising. In this city, there is no di�erence between

the indigenous people and the newcomers.

Further, voicing his thoughts on parenting kids, Nasiraddin writes: �Children

should know that food serves not to enjoy di�erent tastes but to sustain them

from famine and disease. Caregivers of kids in the presence of the latter should

downplay the signi�cance of food. They have to criticize Gluttony in front of

them. Children should be weaned from blank boasting, should not be prideful of

their rich parents, their clothes and wealth. It is necessary to disparage the value
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of gold and silver in front of kids because gold and silver do more harm than the

most poisonous snake.

More than thirty scienti�c works devoted to issues of mathematics, astronomy,

philosophy and other sciences had written by Nasiraddin. These works have been

copied and printed many times in di�erent languages, during the 700 years that

have passed since his death. Works of Nasir al-Din al-Tusi are in libraries around

the world. Many generations of scientists learned on them. Lastly, let us say a

few words about the national origin of Nasiraddin. Some authors consider Nasir-

addin an Arab, and others a Persian. A detailed and thorough study of historical

documents completely refutes these a�rmations.

The study of historical documents gives us all basis to talk about the Azer-

baijani origin of Nasiraddin. Nasiraddin comes from the most ancient Azerbaijani

town - Hamadan. About the origin of Nasiraddin from Hamadan clearly and def-

initely said in the book of the historian Rashid-al-Din: "When it became clear

and proved origin of Nasir al-Din al-Tusi and the sons Rais and Muva�k from

Hamadan, who were great honorable doctors, Hulagu Khan render kindness to

all of them, caressed and gave conveyances, so that they would take out all their

families, relatives and households with all the subordinate people, followers and

put them in the service of His Highness. " Rashid-al-Din lived in the late 13th

and early 14th centuries. There is no doubt about the truth of the information

reporting by him because he personally knew Nasraddin."

We have many other data on the origin of Nasiraddin, although they are from

a later time. The historian Muhammad Khwandamir (died 1534), in his book

Habib al-Siyar, writes: �Nasir al-Din Tusi Muhammad ibn al-Hasan, nicknamed

Abu Jafar, comes from Saveh but was born and developed in Tus. Consequently,

he is known as Tusi." Although this statement by Muhammad Khwandamir is at

variance with the message of Rashid-al-Din, it also testi�es about the Azerbaijani

origin of Nasiraddin, because the Saveh is also Azerbaijani town.

Nasir al-Din al-Tusi lived and worked in Azerbaijan, developed the culture

of the Azerbaijani people. He, his sons and grandchildren lived in Azerbaijan.

The direct descendants of Nasiraddin live nearby from Ordubad until now. In

the book of Iskandar Beg Munshi "History of Alam Aray Abbasi," it is empha-

sized, that the descendants of Nasiraddin thought Ordubad their true homeland.

The descendants of Nasiraddin Tusi were very enlightened people and lived in

Ordubad and its environs, we learn from this book. All known scientists and

poets - the descendants of Nasiraddin are considered Azerbaijanis in the famous

book of Muhammad Ali Terbiyet "Azerbaijani scientists". Famous descendants

of Nasiraddin were: Mirza Ka� - poet, Mirza Zeynalabdin Munshu Ordubadi -

poet, Sa� Khoja Hatem bek - the poet and statesman, Mirza Sadig Ordubadi

- poet, (PS) Seyidaga Onullahi � candidate of historical sciences, professor- and
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many others.

The Azerbaijani people are legitimately proud of their prominent son -

Muhammad Nasir al-Din al-Tusi. His is name mentioned among scientists and

thinkers, poets and writers who have enriched the culture of our people with their

creations.

In 1951, the 750th anniversary of the birth of the eminent Azerbaijani scientist

Muhammad Nasir ad-Din al-Tusi was celebrated. People over the world widely

celebrated this meaningful date in the history of the Azerbaijani people, in the

history of science and culture.
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The coryphaeus of world literature, Imadeddin Nasimi, is one of the eminent

poets of Universal Turkish poetry. He �rst sang the humane ideas of Huru�sm.

His works express deep philosophical thoughts in a laconic and perfect form and

show complicated feelings of man. He excellently studied all the sciences of his

time. In particular, he knew the star sciences very well. Harmony of micro and

macro-cosmos, man, and the universe is one of the main themes of the poet.

For this reason, he used a unique genre of Islamic poetry � urjuza, science in

verse. Nasimi glori�ed man, higher than all celestial bodies.

Keywords: Nasimi � Huru�sm � Gazel � Stars � Planets � Urjuza

1. INTRODUCTION

Coryphaeus of world literature, Seyid Ali Imadaddin Nasimi (1369-1417),
knew all the sciences of his time, including astrology, and attached great im-
portance to these sciences.

Mº§ribü mº³riqdºn oldu yºslimiz,

Yeddi ulduz, on iki bürc ºslimiz,

Bistü hº³tü sivü düdür nºslimiz,

Fºzli-hºqdºn oldu babü fºslimiz. [1.2c.s.276]

i.e

Yºslimiz qºrb vº ³ºrqdºn oldu,

�slimiz yeddi ulduz, on iki bürcdür,

Nºslimiz iyimi sºkkiz vº otuz ikidir,

Fºslimizin qap�s� Fºzlullahdan oldu.
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1.1. The world of stars in a poem of Nasimi

Seven stars (Sun, Moon, Mars, Mercury, Jupiter, Venus, and Saturn), twelve
constellations (Aries, Taurus, Gemini, Cancer, Leo, Virgo, Libra, Scorpio, Sagit-
tarius, Capricorn, Aquarius, Pisces), twenty-eight (bistü hº³t) - the number of
letters in the Arabic alphabet, thirty-two (sivü dü) the number of letters in the
Persian and Turkish alphabets. Huru�tes time begins with the "door" opened by
Fazlullah Naimi. Poet wide used astronomical terminology in his gazels:

Hºm mºrkºz ilº kövkºbü bürc ilº mºdar�m,

Sºyyarºmü çºrxim, fºlºkim, seyri-sºbat�m.[1.2c.s.91]

�stinad nöqtºm mºrkºz vº ulduz bürclºri,

Göyün sferalar�, ulduzlar�n bürclºrdºki yerlºrin seyri ilºdir.

Astronomical terms mentioned in the couplet, such as "center", "kovkab" (star),
"zodiac", "planet", "belt", "celestial spheres", "observation" and "oscillation"
(location of stars in the constellation) are basis of this science. Nasimi praised
the truth that the moon receives light from the sun in his gazel, while European
astrologers did not know about it:

Ay�n hilali ºgºrçi Günº³dºn al�r nur,

Bu Ay� gör ki, Günº³ nur al�r hilalindºn.[1, s.152]

Günº³dºn i³�q al�rsa,

Bu Aya bax ki, Günº³ ondan i³�q al�r.

Acceptance by some astrologers, the satellite of Earth, Moon, as an indepen-
dent satellite, poet denies in the couplet:

Günº³ bºnzºr dedim, ³ol Aya, heyhat,

Qaçan ³ol maha hºr sºyyarº bºnzºr?[1.s.252]

Tººssüf ki, o Aya Günº³º bºnzºr dedim,

Hºr qaçan planet o Aya bºnzºrmi?

Observatories and observation wells, made it possible to study stellar world,
day and night in the middle ages.
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Sºyyarº kimi seyr edºrºm daim an�nla,

�ol seyr edici kovkºbi-sºyyar ºlº girmºz.[1.s.76]

Onunla planet kimi seyr edºrºm,

O seyr edici gºzºyºn ulduz ºlº dü³mºz.

It is clear from the couplet that Nasimi also observed the world of stars as a ob-
server. Poet not remained an ordinary observer of the celestial sphere but tried to
understand and explain the logic and philosophy of the motion of celestial bodies:

Dünü gün müntºzirºm mºn ki, bu pºrgar nºdir?

Günbºdi-çºrxi-fºlºk, gºrdi³i-dºvvar nºdir?

�ntizardayam ki, bu dövr nºdir?

Göy sferas�, onun f�rlanmas� nºdir?

Calendars that are compiled related to the rotation of the Moon around the Earth,
are called ("Hijri calendar") Lunar calendars. Lunar "Hijri" calendar year, which
begins with the Muharram month and ends with the Zu al-Hijjah month, is 355
days, which is ten days less than the Solar �Jalali� calendar year. Nasimi also
noted in his gazelles the compilation of the annual calendar by astrologers. In
modern times, the old calendar is not used:

Münºccim, zahid inanmaz ki, sºnsºn ºhsºni-tºqvim,

�zºldºn ta ºbºd oldu ºyan hüsnün kitab�ndan.[1.s.183]

Ey astronom, dindar inanmaz ki, gözºl tºqvim sºnsºn,

Gözºlliyin kitab�ndan ºzºldºn agah oldu.

Phrase �ºhs�ni-tºqvim� in the couplet means an excellently drawn up calendar,
also the expression taken from the 4th ayah of the 95th surah of the Qur'an at-
Tin, which means "in the beautiful form" (created) for man. Imadeddin Nasimi
could group his poetic images by planets and constellations and more brightly
express his artistic ideas since he deeply knew the Star science.

Rüxün �ºms ³üas�ndan münºvvºr,

Fºlºkdº Mahü Mehrü Mü³tºridir.[14.s.82]
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Üzün Günº³ ³üas�ndan i³�ql� olub

Göy qübbºsindº Ay, Gün, Yupiterdir.

Saying that Moon, Sun, and Jupiter receive their light in the (celestial sphere)
from the light on your face, poet indicates that the person whom he praises is
illuminated by the light of faith.

Sºadºt bürcünün dirxahi oldur,

Yer ilº Gögü hºm Keyvan an�nd�r.[1.s.82]

Sºadºt bürcünün i³arº verºni odur,

Yer, Göy, Saturn onundur.

Speaking on happiness, Nasimi implies Jupiter. In this couplet, poet used the
artistically-literary term �contrast�. Jupiter is a sign of happiness, then Kayvan-
Saturn is a sign of unhappiness. Earth and sky also are contrast: one symbolizes
greatness and other a lowness.

2. HURUFISM AND ASTRONOMY

Nasimi used the literary term comparison, to compare Moon with eyebrow
and a face, since Moon changes to 28 kinds per month, in the form of a crescent
or a full moon.

Sana Günº³ kimi, ey �tnº, sücud eylyºnin,

�xtºrü taleyi mºs'udi müzº�ºr dedilºr. [1.s.264]

Ey �tnº, sºnº Günº³ kimi tºzim eylºyºnin

Tale ulduzunun ³ad vº qalib oldu§unu dedilºr.

The sun rises in the east and sets in the west. However, Sun does not rise and
set, it looks like such from the Earth. It seems like Sun worshiping to the Earth,
repeating the same daily cycle from East to West.

Günº³ tutuldu dedilºr nºzºr q�ld�m camal�na,

Üzünº zülfüdür dü³mü³, bu el yanl�³ xºyal eylºr. [1.s.216]
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Günº³in tutuldu§u deyilºndº gözºlliyinº nºzºr sald�m,

El yanl�³ �kirlº³ir, sadºcº saç� üzünº tökülmü³dü.

- in the couplet, Solar eclipse is described in poetic language. Sunlight does
not reach the Earth, and Earth looks dark due to the shadow of the Moon falling
on the Sun. Point is that when hair falls on your face like Moon, Moon in the sky
hides behind clouds because of shame, and a shadow falls on the Sun.

Mahi-tabana, ya Mehrº sºni bºnzºtmºsºm, neyçün

Ki, hüsnün xirmºnindº gün Mºh ilº Sünbülçºndir. [1.s.256]

Sºni ona görº Aya, Günº³º bºnzºtmirºm ki,

Gözºllik x�rman�nda Günº³ vº Ay Sünbülº (Q�z) bürcündºdirlºr.

Nasimi compares the person whom he praises with the Full Moon or the Sun, not
only because while he wrote the verse, the Moon and Sun were in the constellation
Virgo. As though Moon and Sun were plowmen of his �eld.

�º³ºsindºn mºhv olur Ay ilº Gün bu Zöhrºnin,

Gör ki, nº A�tab imi³ ol Fºlºkin Sitarºsi.[1.s.243]

Bu Veneran�n par�lt�s�ndan Ay vº Gün mºhv olur,

Bu sferan�n ulduzu gör neçº bir Günº³ imi³?

In Islamic astronomy, �abaum� - �father� and �ummuhatun� - �mother� are used as
a term in literary and philosophical works. Speaking "Fathers" are implied seven
planets: Sun, Moon, Mercury, Mars, Venus, Saturn, and Jupiter. In Arabic, these
planets are called �aba sºb'º� (seven fathers) or �aba'i-ulvi� (fathers in the sky,
fathers on tops), also in the expression �ummuhat� - (mothers) elements is implied
- �ame, water, air, earth. They were called �ummuhatu-ºrbºº� (four mothers),
and sometimes �ummuhati-su�i� (mothers on lowlands, mothers on Earth). �t
should be noted that in Arabic the word "land" means low. Therefore, the phrase
�Qur'an was sent down from heaven� is used. Despite that stars located in the
sky, the poet sees man above all celestial bodies:

Sºcdº edºr �ºmsü Qºmºr, Zöhrºvü Mahü Mü³tºri,

Hüsni-camal�n görmºgº, hurü mºlºk, insan budur. [1.s.229].
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Günº³ vº Ay, Venera vº Yupiter ona sºcdº edºrlºr,

Gözºl çöhrºni görmºyº hurilºr, mºlºklºr, insanlar dayan�b.

RESULTS

The coryphaeus of world literature, Imadeddin Nasimi, is one of the eminent
poets of Turkish poetry. His works express deep philosophical thoughts in a laco-
nic and perfect form and show complicated feelings of man. He excellently studied
all the sciences of his time. Nasimi also studied astronomy. Harmony of micro and
macro-cosmos, man, and the universe is one of the main themes of the poet. For
this reason, he used a unique genre of Islamic poetry - urjuza (verse on scienti�c
topics). Nasimi saw man, higher than all celestial bodies.
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